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PREFACE.

——

The following work is not a republication of a former treatise by the Author,
entitled, “The Mathematical Analysis of Logic.” Its earlier portion is indeed
devoted to the same object, and it begins by establishing the same system of
fundamental laws, but its methods are more general, and its range of applica-
tions far wider. It exhibits the results, matured by some years of study and
reflection, of a principle of investigation relating to the intellectual operations,
the previous exposition of which was written within a few weeks after its idea
had been conceived.

That portion of this work which relates to Logic presupposes in its reader a
knowledge of the most important terms of the science, as usually treated, and
of its general object. On these points there is no better guide than Archbishop
Whately’s “Elements of Logic,” or Mr. Thomson’s “Outlines of the Laws of
Thought.” To the former of these treatises, the present revival of attention to
this class of studies seems in a great measure due. Some acquaintance with the
principles of Algebra is also requisite, but it is not necessary that this application
should have been carried beyond the solution of simple equations. For the study
of those chapters which relate to the theory of probabilities, a somewhat larger
knowledge of Algebra is required, and especially of the doctrine of Elimination,
and of the solution of Equations containing more than one unknown quantity.
Preliminary information upon the subject-matter will be found in the special
treatises on Probabilities in “Lardner’s Cabinet Cyclopaedia,” and the “Library
of Useful Knowledge,” the former of these by Professor De Morgan, the latter
by Sir John Lubbock; and in an interesting series of Letters translated from
the French of M. Quetelet. Other references will be given in the work. On
a first perusal the reader may omit at his discretion, Chapters X., X1v., and
XIX., together with any of the applications which he may deem uninviting or
irrelevant.

In different parts of the work, and especially in the notes to the concluding
chapter, will be found references to various writers, ancient and modern, chiefly
designed to illustrate a certain view of the history of philosophy. With respect
to these, the Author thinks it proper to add, that he has in no instance given
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PREFACE. iv

a citation which he has not believed upon careful examination to be supported
either by parallel authorities, or by the general tenor of the work from which
it was taken. While he would gladly have avoided the introduction of anything
which might by possibility be construed into the parade of learning, he felt it
to be due both to his subject and to the truth, that the statements in the text
should be accompanied by the means of verification. And if now, in bringing
to its close a labour, of the extent of which few persons will be able to judge
from its apparent fruits, he may be permitted to speak for a single moment
of the feelings with which he has pursued, and with which he now lays aside,
his task, he would say, that he never doubted that it was worthy of his best
efforts; that he felt that whatever of truth it might bring to light was not a
private or arbitrary thing, not dependent, as to its essence, upon any human
opinion. He was fully aware that learned and able men maintained opinions
upon the subject of Logic directly opposed to the views upon which the entire
argument and procedure of his work rested. While he believed those opinions to
be erroneous, he was conscious that his own views might insensibly be warped
by an influence of another kind. He felt in an especial manner the danger of that
intellectual bias which long attention to a particular aspect of truth tends to
produce. But he trusts that out of this conflict of opinions the same truth will
but emerge the more free from any personal admixture; that its different parts
will be seen in their just proportion; and that none of them will eventually be
too highly valued or too lightly regarded because of the prejudices which may
attach to the mere form of its exposition.

To his valued friend, the Rev. George Stephens Dickson, of Lincoln, the
Author desires to record his obligations for much kind assistance in the revision
of this work, and for some important suggestions.

5, GRENVILLE-PLACE, CORK,

Nov. 30th. 1853.
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NOTE.

In Prop. II., p. 261, by the “absolute probabilities” of the events x,y, z.. is
meant simply what the probabilities of those events ought to be, in order that,
regarding them as independent, and their probabilities as our only data, the
calculated probabilities of the same events under the condition V' should be
p,g,r.. The statement of the appended problem of the urn must be modified
in a similar way. The true solution of that problem, as actually stated, is
p' = ¢p,q’ = cq, in which ¢ is the arbitrary probability of the condition that
the ball drawn shall be either white, or of marble, or both at once.—See p. 270,
CASE I1.*

Accordingly, since by the logical reduction the solution of all questions in
the theory of probabilities is brought to a form in which, from the probabil-
ities of simple events, s, t, &c. under a given condition, V, it is required to
determine the probability of some combination, A, of those events under the
same condition, the principle of the demonstration in Prop. IV. is really the
following:—“The probability of such combination A under the condition V must
be calculated as if the events s, ¢, &c. were independent, and possessed of
such probabilities as would cause the derived probabilities of the said events
under the same condition V' to be such as are assigned to them in the data.”
This principle I regard as axiomatic. At the same time it admits of indefinite
verification, as well directly as through the results of the method of which it
forms the basis. I think it right to add, that it was in the above form that the
principle first presented itself to my mind, and that it is thus that I have always
understood it, the error in the particular problem referred to having arisen from
inadvertence in the choice of a material illustration.
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Chapter I

NATURE AND DESIGN OF THIS WORK.

1. The design of the following treatise is to investigate the fundamental laws of
those operations of the mind by which reasoning is performed; to give expression
to them in the symbolical language of a Calculus, and upon this foundation to
establish the science of Logic and construct its method; to make that method
itself the basis of a general method for the application of the mathematical
doctrine of Probabilities; and, finally, to collect from the various elements of
truth brought to view in the course of these inquiries some probable intimations
concerning the nature and constitution of the human mind.

2. That this design is not altogether a novel one it is almost needless to
remark, and it is well known that to its two main practical divisions of Logic
and Probabilities a very considerable share of the attention of philosophers has
been directed. In its ancient and scholastic form, indeed, the subject of Logic
stands almost exclusively associated with the great name of Aristotle. As it
was presented to ancient Greece in the partly technical, partly metaphysical
disquisitions of the Organon, such, with scarcely any essential change, it has
continued to the present day. The stream of original inquiry has rather been di-
rected towards questions of general philosophy, which, though they have arisen
among the disputes of the logicians, have outgrown their origin, and given to
successive ages of speculation their peculiar bent and character. The eras of
Porphyry and Proclus, of Anselm and Abelard, of Ramus, and of Descartes,
together with the final protests of Bacon and Locke, rise up before the mind
as examples of the remoter influences of the study upon the course of human
thought, partly in suggesting topics fertile of discussion, partly in provoking
remonstrance against its own undue pretensions. The history of the theory
of Probabilities, on the other hand, has presented far more of that character of
steady growth which belongs to science. In its origin the early genius of Pascal,—
in its maturer stages of development the most recondite of all the mathematical
speculations of Laplace,—were directed to its improvement; to omit here the
mention of other names scarcely less distinguished than these. As the study of
Logic has been remarkable for the kindred questions of Metaphysics to which
it has given occasion, so that of Probabilities also has been remarkable for the
impulse which it has bestowed upon the higher departments of mathematical
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science. Each of these subjects has, moreover, been justly regarded as having
relation to a speculative as well as to a practical end. To enable us to deduce
correct inferences from given premises is not the only object of Logic; nor is it
the sole claim of the theory of Probabilities that it teaches us how to establish
the business of life assurance on a secure basis; and how to condense whatever
is valuable in the records of innumerable observations in astronomy, in physics,
or in that field of social inquiry which is fast assuming a character of great
importance. Both these studies have also an interest of another kind, derived
from the light which they shed upon the intellectual powers. They instruct us
concerning the mode in which language and number serve as instrumental aids
to the processes of reasoning; they reveal to us in some degree the connexion
between different powers of our common intellect; they set before us what, in
the two domains of demonstrative and of probable knowledge, are the essen-
tial standards of truth and correctness,—standards not derived from without,
but deeply founded in the constitution of the human faculties. These ends of
speculation yield neither in interest nor in dignity, nor yet, it may be added, in
importance, to the practical objects, with the pursuit of which they have been
historically associated. To unfold the secret laws and relations of those high
faculties of thought by which all beyond the merely perceptive knowledge of the
world and of ourselves is attained or matured, is an object which does not stand
in need of commendation to a rational mind.

3. But although certain parts of the design of this work have been entertained
by others, its general conception, its method, and, to a considerable extent,
its results, are believed to be original. For this reason I shall offer, in the
present chapter, some preparatory statements and explanations, in order that
the real aim of this treatise may be understood, and the treatment of its subject
facilitated.

It is designed, in the first place, to investigate the fundamental laws of those
operations of the mind by which reasoning is performed. It is unnecessary to
enter here into any argument to prove that the operations of the mind are in
a certain real sense subject to laws, and that a science of the mind is therefore
possible. If these are questions which admit of doubt, that doubt is not to be
met by an endeavour to settle the point of dispute a priori, but by directing
the attention of the objector to the evidence of actual laws, by referring him
to an actual science. And thus the solution of that doubt would belong not to
the introduction to this treatise, but to the treatise itself. Let the assumption
be granted, that a science of the intellectual powers is possible, and let us for a
moment consider how the knowledge of it is to be obtained.

4. Like all other sciences, that of the intellectual operations must primarily
rest upon observation,—the subject of such observation being the very operations
and processes of which we desire to determine the laws. But while the necessity
of a foundation in experience is thus a condition common to all sciences, there
are some special differences between the modes in which this principle becomes
available for the determination of general truths when the subject of inquiry is
the mind, and when the subject is external nature. To these it is necessary to
direct attention.
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The general laws of Nature are not, for the most part, immediate objects
of perception. They are either inductive inferences from a large body of facts,
the common truth in which they express, or, in their origin at least, physical
hypotheses of a causal nature serving to explain phsenomena with undeviating
precision, and to enable us to predict new combinations of them. They are in all
cases, and in the strictest sense of the term, probable conclusions, approaching,
indeed, ever and ever nearer to certainty, as they receive more and more of the
confirmation of experience. But of the character of probability, in the strict and
proper sense of that term, they are never wholly divested. On the other hand,
the knowledge of the laws of the mind does not require as its basis any extensive
collection of observations. The general truth is seen in the particular instance,
and it is not confirmed by the repetition of instances. We may illustrate this
position by an obvious example. It may be a question whether that formula of
reasoning, which is called the dictum of Aristotle, de omni et nullo, expresses a
primary law of human reasoning or not; but it is no question that it expresses a
general truth in Logic. Now that truth is made manifest in all its generality by
reflection upon a single instance of its application. And this is both an evidence
that the particular principle or formula in question is founded upon some general
law or laws of the mind, and an illustration of the doctrine that the perception
of such general truths is not derived from an induction from many instances, but
is involved in the clear apprehension of a single instance. In connexion with this
truth is seen the not less important one that our knowledge of the laws upon
which the science of the intellectual powers rests, whatever may be its extent or
its deficiency, is not probable knowledge. For we not only see in the particular
example the general truth, but we see it also as a certain truth,—a truth, our
confidence in which will not continue to increase with increasing experience of
its practical verifications.

5. But if the general truths of Logic are of such a nature that when presented
to the mind they at once command assent, wherein consists the difficulty of
constructing the Science of Logic? Not, it may be answered, in collecting the
materials of knowledge, but in discriminating their nature, and determining
their mutual place and relation. All sciences consist of general truths, but of
those truths some only are primary and fundamental, others are secondary and
derived. The laws of elliptic motion, discovered by Kepler, are general truths
in astronomy, but they are not its fundamental truths. And it is so also in
the purely mathematical sciences. An almost boundless diversity of theorems,
which are known, and an infinite possibility of others, as yet unknown, rest
together upon the foundation of a few simple axioms; and yet these are all
general truths. It may be added, that they are truths which to an intelligence
sufficiently refined would shine forth in their own unborrowed light, without
the need of those connecting links of thought, those steps of wearisome and
often painful deduction, by which the knowledge of them is actually acquired.
Let us define as fundamental those laws and principles from which all other
general truths of science may be deduced, and into which they may all be again
resolved. Shall we then err in regarding that as the true science of Logic which,
laying down certain elementary laws, confirmed by the very testimony of the
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mind, permits us thence to deduce, by uniform processes, the entire chain of its
secondary consequences, and furnishes, for its practical applications, methods
of perfect generality? Let it be considered whether in any science, viewed either
as a system of truth or as the foundation of a practical art, there can properly
be any other test of the completeness and the fundamental character of its laws,
than the completeness of its system of derived truths, and the generality of
the methods which it serves to establish. Other questions may indeed present
themselves. Convenience, prescription, individual preference, may urge their
claims and deserve attention. But as respects the question of what constitutes
science in its abstract integrity, I apprehend that no other considerations than
the above are properly of any value.

6. It is designed, in the next place, to give expression in this treatise to the
fundamental laws of reasoning in the symbolical language of a Calculus. Upon
this head it will suffice to say, that those laws are such as to suggest this mode of
expression, and to give to it a peculiar and exclusive fitness for the ends in view.
There is not only a close analogy between the operations of the mind in general
reasoning and its operations in the particular science of Algebra, but there is to
a considerable extent an exact agreement in the laws by which the two classes of
operations are conducted. Of course the laws must in both cases be determined
independently; any formal agreement between them can only be established
a posteriori by actual comparison. To borrow the notation of the science of
Number, and then assume that in its new application the laws by which its use is
governed will remain unchanged, would be mere hypothesis. There exist, indeed,
certain general principles founded in the very nature of language, by which the
use of symbols, which are but the elements of scientific language, is determined.
To a certain extent these elements are arbitrary. Their interpretation is purely
conventional: we are permitted to employ them in whatever sense we please. But
this permission is limited by two indispensable conditions,—first, that from the
sense once conventionally established we never, in the same process of reasoning,
depart; secondly, that the laws by which the process is conducted be founded
exclusively upon the above fixed sense or meaning of the symbols employed.
In accordance with these principles, any agreement which may be established
between the laws of the symbols of Logic and those of Algebra can but issue
in an agreement of processes. The two provinces of interpretation remain apart
and independent, each subject to its own laws and conditions.

Now the actual investigations of the following pages exhibit Logic, in its
practical aspect, as a system of processes carried on by the aid of symbols having
a definite interpretation, and subject to laws founded upon that interpretation
alone. But at the same time they exhibit those laws as identical in form with
the laws of the general symbols of algebra, with this single addition, viz., that
the symbols of Logic are further subject to a special law (Chap, I1.), to which
the symbols of quantity, as such, are not subject. Upon the nature and the
evidence of this law it is not purposed here to dwell. These questions will be
fully discussed in a future page. But as constituting the essential ground of
difference between those forms of inference with which Logic is conversant, and
those which present themselves in the particular science of Number, the law in
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question is deserving of more than a passing notice. It may be said that it lies at
the very foundation of general reasoning,—that it governs those intellectual acts
of conception or of imagination which are preliminary to the processes of logical
deduction, and that it gives to the processes themselves much of their actual
form and expression. It may hence be affirmed that this law constitutes the
germ or seminal principle, of which every approximation to a general method
in Logic is the more or less perfect development.

7. The principle has already been laid down (5) that the sufficiency and truly
fundamental character of any assumed system of laws in the science of Logic
must partly be seen in the perfection of the methods to which they conduct
us. It remains, then, to consider what the requirements of a general method in
Logic are, and how far they are fulfilled in the system of the present work.

Logic is conversant with two kinds of relations,—relations among things, and
relations among facts. But as facts are expressed by propositions, the latter
species of relation may, at least for the purposes of Logic, be resolved into a
relation among propositions. The assertion that the fact or event A is an invari-
able consequent of the fact or event B may, to this extent at least, be regarded
as equivalent to the assertion, that the truth of the proposition affirming the oc-
currence of the event B always implies the truth of the proposition affirming the
occurrence of the event A. Instead, then, of saying that Logic is conversant with
relations among things and relations among facts, we are permitted to say that
it is concerned with relations among things and relations among propositions.
Of the former kind of relations we have an example in the proposition—*“All men
are mortal;” of the latter kind in the proposition—“If the sun is totally eclipsed,
the stars will become visible.” The one expresses a relation between “men” and
“mortal beings,” the other between the elementary propositions—“The sun is to-
tally eclipsed;” “The stars will become visible.” Among such relations I suppose
to be included those which affirm or deny existence with respect to things, and
those which affirm or deny truth with respect to propositions. Now let those
things or those propositions among which relation is expressed be termed the
elements of the propositions by which such relation is expressed. Proceeding
from this definition, we may then say that the premises of any logical argument
express given relations among certain elements, and that the conclusion must
express an implied relation among those elements, or among a part of them, i.e.
a relation implied by or inferentially involved in the premises.

8. Now this being premised, the requirements of a general method in Logic
seem to be the following:—

1st. As the conclusion must express a relation among the whole or among
a part of the elements involved in the premises, it is requisite that we should
possess the means of eliminating those elements which we desire not to appear
in the conclusion, and of determining the whole amount of relation implied by
the premises among the elements which we wish to retain. Those elements
which do not present themselves in the conclusion are, in the language of the
common Logic, called middle terms; and the species of elimination exemplified
in treatises on Logic consists in deducing from two propositions, containing a
common element or middle term, a conclusion connecting the two remaining
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terms. But the problem of elimination, as contemplated in this work, possesses
a much wider scope. It proposes not merely the elimination of one middle
term from two propositions, but the elimination generally of middle terms from
propositions, without regard to the number of either of them, or to the nature
of their connexion. To this object neither the processes of Logic nor those of
Algebra, in their actual state, present any strict parallel. In the latter science
the problem of elimination is known to be limited in the following manner:—From
two equations we can eliminate one symbol of quantity; from three equations
two symbols; and, generally, from n equations n — 1 symbols. But though this
condition, necessary in Algebra, seems to prevail in the existing Logic also, it
has no essential place in Logic as a science. There, no relation whatever can be
proved to prevail between the number of terms to be eliminated and the number
of propositions from which the elimination is to be effected. From the equation
representing a single proposition, any number of symbols representing terms
or elements in Logic may be eliminated; and from any number of equations
representing propositions, one or any other number of symbols of this kind may
be eliminated in a similar manner. For such elimination there exists one general
process applicable to all cases. This is one of the many remarkable consequences
of that distinguishing law of the symbols of Logic, to which attention has been
already directed.

2ndly. It should be within the province of a general method in Logic to ex-
press the final relation among the elements of the conclusion by any admissible
kind of proposition, or in any selected order of terms. Among varieties of kind
we may reckon those which logicians have designated by the terms categorical,
hypothetical, disjunctive, &c. To a choice or selection in the order of the terms,
we may refer whatsoever is dependent upon the appearance of particular ele-
ments in the subject or in the predicate, in the antecedent or in the consequent,
of that proposition which forms the “conclusion.” But waiving the language of
the schools, let us consider what really distinct species of problems may present
themselves to our notice. We have seen that the elements of the final or inferred
relation may either be things or propositions. Suppose the former case; then
it might be required to deduce from the premises a definition or description of
some one thing, or class of things, constituting an element of the conclusion in
terms of the other things involved in it. Or we might form the conception of
some thing or class of things, involving more than one of the elements of the
conclusion, and require its expression in terms of the other elements. Again,
suppose the elements retained in the conclusion to be propositions, we might
desire to ascertain such points as the following, viz., Whether, in virtue of the
premises, any of those propositions, taken singly, are true or false?’-Whether
particular combinations of them are true or false’~Whether, assuming a par-
ticular proposition to be true, any consequences will follow, and if so, what
consequences, with respect to the other propositions?-Whether any particular
condition being assumed with reference to certain of the propositions, any con-
sequences, and what consequences, will follow with respect to the others? and so
on. I say that these are general questions, which it should fall within the scope
or province of a general method in Logic to solve. Perhaps we might include
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them all under this one statement of the final problem of practical Logic. Given
a set of premises expressing relations among certain elements, whether things
or propositions: required explicitly the whole relation consequent among any of
those elements under any proposed conditions, and in any proposed form. That
this problem, under all its aspects, is resolvable, will hereafter appear. But it is
not for the sake of noticing this fact, that the above inquiry into the nature and
the functions of a general method in Logic has been introduced. It is necessary
that the reader should apprehend what are the specific ends of the investigation
upon which we are entering, as well as the principles which are to guide us to
the attainment of them.

9. Possibly it may here be said that the Logic of Aristotle, in its rules
of syllogism and conversion, sets forth the elementary processes of which all
reasoning consists, and that beyond these there is neither scope nor occasion
for a general method. I have no desire to point out the defects of the common
Logic, nor do I wish to refer to it any further than is necessary, in order to
place in its true light the nature of the present treatise. With this end alone in
view, I would remark:—1st. That syllogism, conversion, &c., are not the ultimate
processes of Logic. It will be shown in this treatise that they are founded upon,
and are resolvable into, ulterior and more simple processes which constitute the
real elements of method in Logic. Nor is it true in fact that all inference is
reducible to the particular forms of syllogism and conversion.—Vide Chap. xv.
2ndly. If all inference were reducible to these two processes (and it has been
maintained that it is reducible to syllogism alone), there would still exist the
same necessity for a general method. For it would still be requisite to determine
in what order the processes should succeed each other, as well as their particular
nature, in order that the desired relation should be obtained. By the desired
relation I mean that full relation which, in virtue of the premises, connects any
elements selected out of the premises at will, and which, moreover, expresses that
relation in any desired form and order. If we may judge from the mathematical
sciences, which are the most perfect examples of method known, this directive
function of Method constitutes its chief office and distinction. The fundamental
processes of arithmetic, for instance, are in themselves but the elements of a
possible science. To assign their nature is the first business of its method, but
to arrange their succession is its subsequent and higher function. In the more
complex examples of logical deduction, and especially in those which form a
basis for the solution of difficult questions in the theory of Probabilities, the aid
of a directive method, such as a Calculus alone can supply, is indispensable.

10. Whence it is that the ultimate laws of Logic are mathematical in their
form; why they are, except in a single point, identical with the general laws of
Number; and why in that particular point they differ;—are questions upon which
it might not be very remote from presumption to endeavour to pronounce a
positive judgment. Probably they lie beyond the reach of our limited faculties.
It may, perhaps, be permitted to the mind to attain a knowledge of the laws to
which it is itself subject, without its being also given to it to understand their
ground and origin, or even, except in a very limited degree, to comprehend their
fitness for their end, as compared with other and conceivable systems of law.
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Such knowledge is, indeed, unnecessary for the ends of science, which properly
concerns itself with what is, and seeks not for grounds of preference or reasons
of appointment. These considerations furnish a sufficient answer to all protests
against the exhibition of Logic in the form of a Calculus. It is not because we
choose to assign to it such a mode of manifestation, but because the ultimate
laws of thought render that mode possible, and prescribe its character, and
forbid, as it would seem, the perfect manifestation of the science in any other
form, that such a mode demands adoption. It is to be remembered that it is the
business of science not to create laws, but to discover them. We do not originate
the constitution of our own minds, greatly as it may be in our power to modify
their character. And as the laws of the human intellect do not depend upon our
will, so the forms of the science, of which they constitute the basis, are in all
essential regards independent of individual choice.

11. Beside the general statement of the principles of the above method,
this treatise will exhibit its application to the analysis of a considerable va-
riety of propositions, and of trains of propositions constituting the premises
of demonstrative arguments. These examples have been selected from various
writers, they differ greatly in complexity, and they embrace a wide range of
subjects. Though in this particular respect it may appear to some that too
great a latitude of choice has been exercised, I do not deem it necessary to offer
any apology upon this account. That Logic, as a science, is susceptible of very
wide applications is admitted; but it is equally certain that its ultimate forms
and processes are mathematical. Any objection a prior: which may therefore
be supposed to lie against the adoption of such forms and processes in the dis-
cussion of a problem of morals or of general philosophy must be founded upon
misapprehension or false analogy. It is not of the essence of mathematics to be
conversant with the ideas of number and quantity. Whether as a general habit
of mind it would be desirable to apply symbolical processes to moral argument,
is another question. Possibly, as I have elsewhere observed,! the perfection of
the method of Logic may be chiefly valuable as an evidence of the speculative
truth of its principles. To supersede the employment of common reasoning, or
to subject it to the rigour of technical forms, would be the last desire of one
who knows the value of that intellectual toil and warfare which imparts to the
mind an athletic vigour, and teaches it to contend with difficulties, and to rely
upon itself in emergencies. Nevertheless, cases may arise in which the value of
a scientific procedure, even in those things which fall confessedly under the or-
dinary dominion of the reason, may be felt and acknowledged. Some examples
of this kind will be found in the present work.

12. The general doctrine and method of Logic above explained form also
the basis of a theory and corresponding method of Probabilities. Accordingly,
the development of such a theory and method, upon the above principles, will
constitute a distinct object of the present treatise. Of the nature of this appli-
cation it may be desirable to give here some account, more especially as regards
the character of the solutions to which it leads. In connexion with this object

I Mathematical Analysis of Logic. London : G. Bell. 1847.
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some further detail will be requisite concerning the forms in which the results
of the logical analysis are presented.

The ground of this necessity of a prior method in Logic, as the basis of a
theory of Probabilities, may be stated in a few words. Before we can determine
the mode in which the expected frequency of occurrence of a particular event is
dependent upon the known frequency of occurrence of any other events, we must
be acquainted with the mutual dependence of the events themselves. Speaking
technically, we must be able to express the event whose probability is sought,
as a function of the events whose probabilities are given. Now this explicit
determination belongs in all instances to the department of Logic. Probability,
however, in its mathematical acceptation, admits of numerical measurement.
Hence the subject of Probabilities belongs equally to the science of Number and
to that of Logic. In recognising the co-ordinate existence of both these elements,
the present treatise differs from all previous ones; and as this difference not
only affects the question of the possibility of the solution of problems in a large
number of instances, but also introduces new and important elements into the
solutions obtained, I deem it necessary to state here, at some length, the peculiar
consequences of the theory developed in the following pages.

13. The measure of the probability of an event is usually defined as a fraction,
of which the numerator represents the number of cases favourable to the event,
and the denominator the whole number of cases favourable and unfavourable;
all cases being supposed equally likely to happen. That definition is adopted
in the present work. At the same time it is shown that there is another aspect
of the subject (shortly to be referred to) which might equally be regarded as
fundamental, and which would actually lead to the same system of methods
and conclusions. It may be added, that so far as the received conclusions of
the theory of Probabilities extend, and so far as they are consequences of its
fundamental definitions, they do not differ from the results (supposed to be
equally correct in inference) of the method of this work.

Again, although questions in the theory of Probabilities present themselves
under various aspects, and may be variously modified by algebraical and other
conditions, there seems to be one general type to which all such questions, or
so much of each of them as truly belongs to the theory of Probabilities, may
be referred. Considered with reference to the data and the quesitum, that type
may be described as follows:—1st. The data are the probabilities of one or
more given events, each probability being either that of the absolute fulfilment
of the event to which it relates, or the probability of its fulfilment under given
supposed conditions. 2ndly. The quesitum, or object sought, is the probability
of the fulfilment, absolutely or conditionally, of some other event differing in
expression from those in the data, but more or less involving the same elements.
As concerns the data, they are either causally given,—as when the probability
of a particular throw of a die is deduced from a knowledge of the constitution
of the piece,—or they are derived from observation of repeated instances of the
success or failure of events. In the latter case the probability of an event may be
defined as the limit toward which the ratio of the favourable to the whole number
of observed cases approaches (the uniformity of nature being presupposed) as
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the observations are indefinitely continued. Lastly, as concerns the nature or
relation of the events in question, an important distinction remains. Those
events are either simple or compound. By a compound event is meant one of
which the expression in language, or the conception in thought, depends upon
the expression or the conception of other events, which, in relation to it, may be
regarded as simple events. To say “it rains,” or to say “it thunders,” is to express
the occurrence of a simple event; but to say “it rains and thunders,” or to say
“it either rains or thunders,” is to express that of a compound event. For the
expression of that event depends upon the elementary expressions, “it rains,”
“it thunders.” The criterion of simple events is not, therefore, any supposed
simplicity in their nature. It is founded solely on the mode of their expression
in language or conception in thought.

14. Now one general problem, which the existing theory of Probabilities
enables us to solve, is the following, viz..—Given the probabilities of any simple
events: required the probability of a given compound event, i.e. of an event
compounded in a given manner out of the given simple events. The problem
can also be solved when the compound event, whose probability is required, is
subjected to given conditions, i.e. to conditions dependent also in a given man-
ner on the given simple events. Beside this general problem, there exist also
particular problems of which the principle of solution is known. Various ques-
tions relating to causes and effects can be solved by known methods under the
particular hypothesis that the causes are mutually exclusive, but apparently not
otherwise. Beyond this it is not clear that any advance has been made toward
the solution of what may be regarded as the general problem of the science,
viz.: Given the probabilities of any events, simple or compound, conditioned
or unconditioned: required the probability of any other event equally arbitrary
in expression and conception. In the statement of this question it is not even
postulated that the events whose probabilities are given, and the one whose
probability is sought, should involve some common elements, because it is the
office of a method to determine whether the data of a problem are sufficient for
the end in view, and to indicate, when they are not so, wherein the deficiency
consists.

This problem, in the most unrestricted form of its statement, is resolvable by
the method of the present treatise; or, to speak more precisely, its theoretical
solution is completely given, and its practical solution is brought to depend
only upon processes purely mathematical, such as the resolution and analysis
of equations. The order and character of the general solution may be thus
described.

15. In the first place it is always possible, by the preliminary method of the
Calculus of Logic, to express the event whose probability is sought as a logical
function of the events whose probabilities are given. The result is of the following
character: Suppose that X represents the event whose probability is sought, A,
B, C, &c. the events whose probabilities are given, those events being either
simple or compound. Then the whole relation of the event X to the events A,
B, C, &c. is deduced in the form of what mathematicians term a development,
consisting, in the most general case, of four distinct classes of terms. By the
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first class are expressed those combinations of the events A, B, C, which both
necessarily accompany and necessarily indicate the occurrence of the event X;
by the second class, those combinations which necessarily accompany, but do
not necessarily imply, the occurrence of the event X; by the third class, those
combinations whose occurrence in connexion with the event X is impossible,
but not otherwise impossible; by the fourth class, those combinations whose
occurrence is impossible under any circumstances. I shall not dwell upon this
statement of the result of the logical analysis of the problem, further than to
remark that the elements which it presents are precisely those by which the
expectation of the event X, as dependent upon our knowledge of the events A, B,
C, is, or alone can be, affected. General reasoning would verify this conclusion;
but general reasoning would not usually avail to disentangle the complicated
web events and circumstances from which the solution above described must be
evolved. The attainment of this object constitutes the first step towards the
complete solution of the question I proposed. It is to be noted that thus far the
process of solution is logical, i. e. conducted by symbols of logical significance,
and resulting in an equation interpretable into a proposition. Let this result be
termed the final logical equation.

The second step of the process deserves attentive remark. From the final
logical equation to which the previous step has conducted us, are deduced,
by inspection, a series of algebraic equations implicitly involving the complete
solution of the problem proposed. Of the mode in which this transition is
effected let it suffice to say, that there exists a definite relation between the laws
by which the probabilities of events are expressed as algebraic functions of the
probabilities of other events upon which they depend, and the laws by which
the logical connexion of the events is itself expressed. This relation, like the
other coincidences of formal law which have been referred to, is not founded
upon hypothesis, but is made known to us by observation (I.4), and reflection.
If, however, its reality were assumed a priori as the basis of the very definition
of Probability, strict deduction would thence lead us to the received numerical
definition as a necessary consequence. The Theory of Probabilities stands, as
it has already been remarked (1.12), in equally close relation to Logic and to
Arithmetic; and it is indifferent, so far as results are concerned, whether we
regard it as springing out of the latter of these sciences, or as founded in the
mutual relations which connect the two together.

16. There are some circumstances, interesting perhaps to the mathematician,
attending the general solutions deduced by the above method, which it may be
desirable to notice.

1st. As the method is independent of the number and the nature of the
data, it continues to be applicable when the latter are insufficient to render
determinate the value sought. When such is the case, the final expression of the
solution will contain terms with arbitrary constant coefficients. To such terms
there will correspond terms in the final logical equation (I. 15), the interpretation
of which will inform us what new data are requisite in order to determine the
values of those constants, and thus render the numerical solution complete.
If such data are not to be obtained, we can still, by giving to the constants
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their limiting values 0 and 1, determine the limits within which the probability
sought must lie independently of all further experience. When the event whose
probability is sought is quite independent of those whose probabilities are given,
the limits thus obtained for its value will be 0 and 1, as it is evident that they
ought to be, and the interpretation of the constants will only lead to a re-
statement of the original problem.

2ndly. The expression of the final solution will in all cases involve a particular
element of quantity, determinable by the solution of an algebraic equation. Now
when that equation is of an elevated degree, a difficulty may seem to arise as
to the selection of the proper root. There are, indeed, cases in which both the
elements given and the element sought are so obviously restricted by necessary
conditions that no choice remains. But in complex instances the discovery of
such conditions, by unassisted force of reasoning, would be hopeless. A distinct
method is requisite for this end,—a method which might not appropriately be
termed the Calculus of Statistical Conditions, into the nature of this method
I shall not here further enter than to say, that, like the previous method, it is
based upon the employment of the “final logical equation,” and that it definitely
assigns, 1st, the conditions which must be fulfilled among the numerical elements
of the data, in order that the problem may be real, i.e. derived from a possible
experience; 2ndly, the numerical limits, within which the probability sought
must have been confined, if, instead of being determined by theory, it had been
deduced directly by observation from the same system of pheenomena from
which the data were derived. It is clear that these limits will be actual limits of
the probability sought. Now, on supposing the data subject to the conditions
above assigned to them, it appears in every instance which I have examined that
there exists one root, and only one root, of the final algebraic equation which is
subject to the required limitations. Every source of ambiguity is thus removed.
It would even seem that new truths relating to the theory of algebraic equations
are thus incidentally brought to light. It is remarkable that the special element
of quantity, to which the previous discussion relates, depends only upon the
data, and not at all upon the quesitum of the problem proposed. Hence the
solution of each particular problem unties the knot of difficulty for a system of
problems, viz., for that system of problems which is marked by the possession of
common data, independently of the nature of their quesita. This circumstance
is important whenever from a particular system of data it is required to deduce a
series of connected conclusions. And it further gives to the solutions of particular
problems that character of relationship, derived from their dependence upon a
central and fundamental unity, which not unfrequently marks the application
of general methods.

17. But though the above considerations, with others of a like nature, justify
the assertion that the method of this treatise, for the solution of questions in the
theory of Probabilities, is a general method, it does not thence follow that we are
relieved in all cases from the necessity of recourse to hypothetical grounds. It has
been observed that a solution may consist entirely of terms affected by arbitrary
constant coefficients,—may, in fact, be wholly indefinite. The application of
the method of this work to some of the most important questions within its
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range would—were the data of experience alone employed—present results of this
character. To obtain a definite solution it is necessary, in such cases, to have
recourse to hypotheses possessing more or less of independent probability, but
incapable of exact verification. Generally speaking, such hypotheses will differ
from the immediate results of experience in partaking of a logical rather than
of a numerical character; in prescribing the conditions under which phaenomena
occur, rather than assigning the relative frequency of their occurrence. This
circumstance is, however, unimportant. Whatever their nature may be, the
hypotheses assumed must thenceforth be regarded as belonging to the actual
data, although tending, as is obvious, to give to the solution itself somewhat of a
hypothetical character. With this understanding as to the possible sources of the
data actually employed, the method is perfectly general, but for the correctness
of the hypothetical elements introduced it is of course no more responsible than
for the correctness of the numerical data derived from experience.

In illustration of these remarks we may observe that the theory of the reduc-
tion of astronomical observations? rests, in part, upon hypothetical grounds.
It assumes certain positions as to the nature of error, the equal probabilities
of its occurrence in the form of excess or defect, &c., without which it would
be impossible to obtain any definite conclusions from a system of conflicting
observations. But granting such positions as the above, the residue of the inves-
tigation falls strictly within the province of the theory of Probabilities. Similar
observations apply to the important problem which proposes to deduce from
the records of the majorities of a deliberative assembly the mean probability of
correct judgment in one of its members. If the method of this treatise be applied
to the mere numerical data, the solution obtained is of that wholly indefinite
kind above described. And to show in a more eminent degree the insufficiency
of those data by themselves, the interpretation of the arbitrary constants (I.
16) which appear in the solution, merely produces a re-statement of the origi-
nal problem. Admitting, however, the hypothesis of the independent formation
of opinion in the individual mind, either absolutely, as in the speculations of
Laplace and Poisson, or under limitations imposed by the actual data, as will
be seen in this treatise, Chap. XXI., the problem assumes a far more definite
character. It will be manifest that the ulterior value of the theory of Prob-
abilities must depend very much upon the correct formation of such mediate
hypotheses, where the purely experimental data are insufficient for definite so-
lution, and where that further experience indicated by the interpretation of the
final logical equation is unattainable. Upon the other hand, an undue readiness
to form hypotheses in subjects which from their very nature are placed beyond
human ken, must re-act upon the credit of the theory of Probabilities, and tend
to throw doubt in the general mind over its most legitimate conclusions.

18. It would, perhaps, be premature to speculate here upon the question
whether the methods of abstract science are likely at any future day to render
service in the investigation of social problems at all commensurate with those

2The author designs to treat this subject either in a separate work or in a future Appendix.
In the present treatise he avoids the use of the integral calculus.
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which they have rendered in various departments of physical inquiry. An at-
tempt to resolve this question upon pure a priori grounds of reasoning would be
very likely to mislead us. For example, the consideration of human free-agency
would seem at first sight to preclude the idea that the movements of the social
system should ever manifest that character of orderly evolution which we are
prepared to expect under the reign of a physical necessity. Yet already do the
researches of the statist reveal to us facts at variance with such an anticipa-
tion. Thus the records of crime and pauperism present a degree of regularity
unknown in regions in which the disturbing influence of human wants and pas-
sions is unfelt. On the other hand, the distemperature of seasons, the eruption
of volcanoes, the spread of blight in the vegetable, or of epidemic maladies in
the animal kingdom, things apparently or chiefly the product of natural causes,
refuse to be submitted to regular and apprehensible laws. “Fickle as the wind,”
is a proverbial expression. Reflection upon these points teaches us in some de-
gree to correct our earlier judgments. We learn that we are not to expect, under
the dominion of necessity, an order perceptible to human observation, unless
the play of its producing causes is sufficiently simple; nor, on the other hand,
to deem that free agency in the individual is inconsistent with regularity in the
motions of the system of which he forms a component unit. Human freedom
stands out as an apparent fact of our consciousness, while it is also, I conceive,
a highly probable deduction of analogy (Chap, XXII.) from the nature of that
portion of the mind whose scientific constitution we are able to investigate.
But whether accepted as a fact reposing on consciousness, or as a conclusion
sanctioned by the reason, it must be so interpreted as not to conflict with an
established result of observation, viz.: that phsnomena, in the production of
which large masses of men are concerned, do actually exhibit a very remarkable
degree of regularity, enabling us to collect in each succeeding age the elements
upon which the estimate of its state and progress, so far as manifested in out-
ward results, must depend. There is thus no sound objection a priori against
the possibility of that species of data which is requisite for the experimental
foundation of a science of social statistics. Again, whatever other object this
treatise may accomplish, it is presumed that it will leave no doubt as to the
existence of a system of abstract principles and of methods founded upon those
principles, by which any collective body of social data may be made to yield,
in an explicit form, whatever information they implicitly involve. There may,
where the data are exceedingly complex, be very great difficulty in obtaining
this information,—difficulty due not to any imperfection of the theory, but to
the laborious character of the analytical processes to which it points. It is quite
conceivable that in many instances that difficulty may be such as only united
effort could overcome. But that we possess theoretically in all cases, and prac-
tically, so far as the requisite labour of calculation may be supplied, the means
of evolving from statistical records the seeds of general truths which lie buried
amid the mass of figures, is a position which may, I conceive, with perfect safety
be affirmed.

19. But beyond these general positions I do not venture to speak in terms of
assurance. Whether the results which might be expected from the application
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of scientific methods to statistical records, over and above those the discovery of
which requires no such aid, would so far compensate for the labour involved as
to render it worth while to institute such investigations upon a proper scale of
magnitude, is a point which could, perhaps, only be determined by experience.
It is to be desired, and it might without great presumption be expected, that in
this, as in other instances, the abstract doctrines of science should minister to
more than intellectual gratification. Nor, viewing the apparent order in which
the sciences have been evolved, and have successively contributed their aid to
the service of mankind, does it seem very improbable that a day may arrive in
which similar aid may accrue from departments of the field of knowledge yet
more intimately allied with the elements of human welfare. Let the speculations
of this treatise, however, rest at present simply upon their claim to be regarded
as true.

20. I design, in the last place, to endeavour to educe from the scientific
results of the previous inquiries some general intimations respecting the nature
and constitution of the human mind. Into the grounds of the possibility of this
species of inference it is not necessary to enter here. One or two general ob-
servations may serve to indicate the track which I shall endeavour to follow. It
cannot but be admitted that our views of the science of Logic must materially
influence, perhaps mainly determine, our opinions upon the nature of the intel-
lectual faculties. For example, the question whether reasoning consists merely
in the application of certain first or necessary truths, with which the mind has
been originally imprinted, or whether the mind is itself a seat of law, whose
operation is as manifest and as conclusive in the particular as in the general
formula, or whether, as some not undistinguished writers seem to maintain, all
reasoning is of particulars; this question, I say, is one which not merely affects
the science of Logic, but also concerns the formation of just views of the consti-
tution of the intellectual faculties. Again, if it is concluded that the mind is by
original constitution a seat of law, the question of the nature of its subjection
to this law,—whether, for instance, it is an obedience founded upon necessity,
like that which sustains the revolutions of the heavens, and preserves the order
of Nature,—or whether it is a subjection of some quite distinct kind, is also a
matter of deep speculative interest. Further, if the mind is truly determined
to be a subject of law, and if its laws also are truly assigned, the question of
their probable or necessary influence upon the course of human thought in dif-
ferent ages is one invested with great importance, and well deserving a patient
investigation, as matter both of philosophy and of history. These and other
questions I propose, however imperfectly, to discuss in the concluding portion
of the present work. They belong, perhaps, to the domain of probable or con-
jectural, rather than to that of positive, knowledge. But it may happen that
where there is not sufficient warrant for the certainties of science, there may
be grounds of analogy adequate for the suggestion of highly probable opinions.
It has seemed to me better that this discussion should be entirely reserved for
the sequel of the main business of this treatise,—which is the investigation of
scientific truths and laws. Experience sufficiently instructs us that the proper
order of advancement in all inquiries after truth is to proceed from the known
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to the unknown. There are parts, even of the philosophy and constitution of the
human mind, which have been placed fully within the reach of our investigation.
To make a due acquaintance with those portions of our nature the basis of all
endeavours to penetrate amid the shadows and uncertainties of that conjectural
realm which lies beyond and above them, is the course most accordant with the
limitations of our present condition.



Chapter 11

OF SIGNS IN GENERAL, AND OF THE SIGNS
APPROPRIATE TO THE SCIENCE OF LOGIC IN
PARTICULAR; ALSO OF THE LAWS TO WHICH
THAT CLASS OF SIGNS ARE SUBJECT.

1. That Language is an instrument of human reason, and not merely a medium
for the expression of thought, is a truth generally admitted. It is proposed in
this chapter to inquire what it is that renders Language thus subservient to
the most important of our intellectual faculties. In the various steps of this
inquiry we shall be led to consider the constitution of Language, considered as
a system adapted to an end or purpose; to investigate its elements; to seek to
determine their mutual relation and dependence; and to inquire in what manner
they contribute to the attainment of the end to which, as co-ordinate parts of
a system, they have respect.

In proceeding to these inquiries, it will not be necessary to enter into the
discussion of that famous question of the schools, whether Language is to be
regarded as an essential instrument of reasoning, or whether, on the other hand,
it is possible for us to reason without its aid. I suppose this question to be beside
the design of the present treatise, for the following reason, viz., that it is the
business of Science to investigate laws; and that, whether we regard signs as
the representatives of things and of their relations, or as the representatives
of the conceptions and operations of the human intellect, in studying the laws
of signs, we are in effect studying the manifested laws of reasoning. If there
exists a difference between the two inquiries, it is one which does not affect the
scientific expressions of formal law, which are the object of investigation in the
present stage of this work, but relates only to the mode in which those results
are presented to the mental regard. For though in investigating the laws of
signs, & posteriori, the immediate subject of examination is Language, with the
rules which govern its use; while in making the internal processes of thought
the direct object of inquiry, we appeal in a more immediate way to our personal
consciousness,—it will be found that in both cases the results obtained are
formally equivalent. Nor could we easily conceive, that the unnumbered tongues
and dialects of the earth should have preserved through a long succession of ages
so much that is common and universal, were we not assured of the existence of

17
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some deep foundation of their agreement in the laws of the mind itself.

2. The elements of which all language consists are signs or symbols. Words
are signs. Sometimes they are said to represent things; sometimes the opera-
tions by which the mind combines together the simple notions of things into
complex conceptions; sometimes they express the relations of action, passion,
or mere quality, which we perceive to exist among the objects of our experi-
ence; sometimes the emotions of the perceiving mind. But words, although in
this and in other ways they fulfil the office of signs, or representative symbols,
are not the only signs which we are capable of employing. Arbitrary marks,
which speak only to the eye, and arbitrary sounds or actions, which address
themselves to some other sense, are equally of the nature of signs, provided
that their representative office is defined and understood. In the mathematical
sciences, letters, and the symbols +, —, =, &c., are used as signs, although the
term “sign” is applied to the latter class of symbols, which represent operations
or relations, rather than to the former, which represent the elements of number
and quantity. As the real import of a sign does not in any way depend upon its
particular form or expression, so neither do the laws which determine its use.
In the present treatise, however, it is with written signs that we have to do, and
it is with reference to these exclusively that the term “sign” will be employed.
The essential properties of signs are enumerated in the following definition.

Definition.—A sign is an arbitrary mark, having a fixed interpretation, and
susceptible of combination with other signs in subjection to fixed laws dependent
upon their mutual interpretation.

3. Let us consider the particulars involved in the above definition separately.

(1.) In the first place, a sign is an arbitrary mark. It is clearly indifferent
what particular word or token we associate with a given idea, provided that
the association once made is permanent. The Romans expressed by the word
“civitas” what we designate by the word “state.” But both they and we might
equally well have employed any other word to represent the same conception.
Nothing, indeed, in the nature of Language would prevent us from using a mere
letter in the same sense. Were this done, the laws according to which that letter
would require to be used would be essentially the same with the laws which
govern the use of “civitas” in the Latin, and of “state” in the English language,
so far at least as the use of those words is regulated by any general principles
common to all languages alike.

(2.) In the second place, it is necessary that each sign should possess, within
the limits of the same discourse or process of reasoning, a fixed interpretation.
The necessity of this condition is obvious, and seems to be founded in the very
nature of the subject. There exists, however, a dispute as to the precise nature
of the representative office of words or symbols used as names in the processes of
reasoning. By some it is maintained, that they represent the conceptions of the
mind alone; by others, that they represent things. The question is not of great
importance here, as its decision cannot affect the laws according to which signs
are employed. I apprehend, however, that the general answer to this and such
like questions is, that in the processes of reasoning, signs stand in the place and
fulfil the office of the conceptions and operations of the mind; but that as those
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conceptions and operations represent things, and the connexions and relations of
things, so signs represent things with their connexions and relations; and lastly,
that as signs stand in the place of the conceptions and operations of the mind,
they are subject to the laws of those conceptions and operations. This view will
be more fully elucidated in the next chapter; but it here serves to explain the
third of those particulars involved in the definition of a sign, viz., its subjection
to fixed laws of combination depending upon the nature of its interpretation.
4. The analysis and classification of those signs by which the operations of
reasoning are conducted will be considered in the following Proposition:

PROPOSITION 1.

All the operations of Language, as an instrument of reasoning, may be con-
ducted by a system of signs composed of the following elements, viz.:

1st. Literal symbols, as x, y, €c., representing things as subjects of our
conceptions.

2nd. Signs of operation, as +, —, X, standing for those operations of the
mind by which the conceptions of things are combined or resolved so as to form
new conceptions involving the same elements.

3rd. The sign of identity, =.

And these symbols of Logic are in their use subject to definite laws, partly
agreeing with and partly differing from the laws of the corresponding symbols in
the science of Algebra.

Let it be assumed as a criterion of the true elements of rational discourse,
that they should be susceptible of combination in the simplest forms and by
the simplest laws, and thus combining should generate all other known and
conceivable forms of language; and adopting this principle, let the following
classification be considered.

CLASS 1.

5. Appellative or descriptive signs, expressing either the name of a thing, or
some quality or circumstance belonging to it.

To this class we may obviously refer the substantive proper or common, and
the adjective. These may indeed be regarded as differing only in this respect,
that the former expresses the substantive existence of the individual thing or
things to which it refers; the latter implies that existence. If we attach to the
adjective the universally understood subject “being” or “thing,” it becomes
virtually a substantive, and may for all the essential purposes of reasoning be
replaced by the substantive. Whether or not, in every particular of the mental
regard, it is the same thing to say, “Water is a fluid thing,” as to say, “Water is
fluid;” it is at least equivalent in the expression of the processes of reasoning.

It is clear also, that to the above class we must refer any sign which may
conventionally be used to express some circumstance or relation, the detailed
exposition of which would involve the use of many signs. The epithets of poetic
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diction are very frequently of this kind. They are usually compounded adjec-
tives, singly fulfilling the office of a many-worded description. Homer’s “deep-
eddying ocean” embodies a virtual description in the single word PBodudivne.
And conventionally any other description addressed either to the imagination
or to the intellect might equally be represented by a single sign, the use of
which would in all essential points be subject to the same laws as the use of the
adjective “good” or “great.” Combined with the subject “thing,” such a sign
would virtually become a substantive; and by a single substantive the combined
meaning both of thing and quality might be expressed.

6. Now, as it has been defined that a sign is an arbitrary mark, it is permis-
sible to replace all signs of the species above described by letters. Let us then
agree to represent the class of individuals to which a particular name or descrip-
tion is applicable, by a single letter, as x. If the name is “men,” for instance,
let x represent “all men,” or the class “men.” By a class is usually meant a
collection of individuals, to each of which a particular name or description may
be applied; but in this work the meaning of the term will be extended so as
to include the case in which but a single individual exists, answering to the re-
quired name or description, as well as the cases denoted by the terms “nothing”
and “universe,” which as “classes” should be understood to comprise respec-
tively “no beings,” “all beings.” Again, if an adjective, as “good,” is employed
as a term of description, let us represent by a letter, as y, all things to which
the description “good” is applicable, i.e. “all good things,” or the class “good
things.” Let it further be agreed, that by the combination zy shall be repre-
sented that class of things to which the names or descriptions represented by =
and y are simultaneously applicable. Thus, if = alone stands for “white things,”
and y for “sheep,” let xy stand for “white sheep;” and in like manner, if z stand
for “horned things,” and x and y retain their previous interpretations, let zxy
represent “horned white sheep,” i.e. that collection of things to which the name
“sheep,” and the descriptions “white” and “horned” are together applicable.

Let us now consider the laws to which the symbols x, y, &c., used in the
above sense, are subject.

7. First, it is evident, that according to the above combinations, the order in
which two symbols are written is indifferent. The expressions xy and yx equally
represent that class of things to the several members of which the names or
descriptions x and y are together applicable. Hence we have,

Ty = ya. (1)

In the case of = representing white things, and y sheep, either of the mem-
bers of this equation will represent the class of “white sheep.” There may be a
difference as to the order in which the conception is formed, but there is none
as to the individual things which are comprehended under it. In like manner,
if x represent “estuaries,” and y “rivers,” the expressions ry and yz will indif-
ferently represent “rivers that are estuaries,” or “estuaries that are rivers,” the
combination in this case being in ordinary language that of two substantives,
instead of that of a substantive and an adjective as in the previous instance.
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Let there be a third symbol, as z, representing that class of things to which the
term “navigable” is applicable, and any one of the following expressions,

zxy, zyx, ryz, &c.,

will represent the class of “navigable rivers that are estuaries.”

If one of the descriptive terms should have some implied reference to another,
it is only necessary to include that reference expressly in its stated meaning, in
order to render the above remarks still applicable. Thus, if x represent “wise”
and y “counsellor,” we shall have to define whether = implies wisdom in the
absolute sense, or only the wisdom of counsel. With such definition the law
xy = yx continues to be valid.

We are permitted, therefore, to employ the symbols x, y, z, Eéc., in the place
of the substantives, adjectives, and descriptive phrases subject to the rule of in-
terpretation, that any expression in which several of these symbols are written
together shall represent all the objects or individuals to which their several mean-
ings are together applicable, and to the law that the order in which the symbols
succeed each other is indifferent.

As the rule of interpretation has been sufficiently exemplified, I shall deem it
unnecessary always to express the subject “things” in defining the interpretation
of a symbol used for an adjective. When I say, let x represent “good,” it will
be understood that = only represents “good” when a subject for that quality
is supplied by another symbol, and that, used alone, its interpretation will be
“good things.”

8. Concerning the law above determined, the following observations, which
will also be more or less appropriate to certain other laws to be deduced here-
after, may be added.

First, I would remark, that this law is a law of thought, and not, properly
speaking, a law of things. Difference in the order of the qualities or attributes
of an object, apart from all questions of causation, is a difference in conception
merely. The law (1) expresses as a general truth, that the same thing may be
conceived in different ways, and states the nature of that difference; and it does
no more than this.

Secondly, As a law of thought, it is actually developed in a law of Language,
the product and the instrument of thought. Though the tendency of prose
writing is toward uniformity, yet even there the order of sequence of adjectives
absolute in their meaning, and applied to the same subject, is indifferent, but
poetic diction borrows much of its rich diversity from the extension of the same
lawful freedom to the substantive also. The language of Milton is peculiarly
distinguished by this species of variety. Not only does the substantive often
precede the adjectives by which it is qualified, but it is frequently placed in
their midst. In the first few lines of the invocation to Light, we meet with such
examples as the following:

“Offspring of heaven first-born.”
“The rising world of waters dark and deep.”
“Bright effluence of bright essence increate.”
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Now these inverted forms are not simply the fruits of a poetic license. They
are the natural expressions of a freedom sanctioned by the intimate laws of
thought, but for reasons of convenience not exercised in the ordinary use of
language.

Thirdly, The law expressed by (1) may be characterized by saying that the
literal symbols z, y, z, are commutative, like the symbols of Algebra. In saying
this, it is not affirmed that the process of multiplication in Algebra, of which
the fundamental law is expressed by the equation

LY = Yyx,

possesses in itself any analogy with that process of logical combination which
xy has been made to represent above; but only that if the arithmetical and the
logical process are expressed in the same manner, their symbolical expressions
will be subject to the same formal law. The evidence of that subjection is in
the two cases quite distinct.

9. As the combination of two literal symbols in the form xy expresses the
whole of that class of objects to which the names or qualities represented by =
and y are together applicable, it follows that if the two symbols have exactly
the same signification, their combination expresses no more than either of the
symbols taken alone would do. In such case we should therefore have

Ty =1.

As y is, however, supposed to have the same meaning as x, we may replace it
in the above equation by z, and we thus get

Tr = XT.

Now in common Algebra the combination zx is more briefly represented by 2.
Let us adopt the same principle of notation here; for the mode of expressing a
particular succession of mental operations is a thing in itself quite as arbitrary
as the mode of expressing a single idea or operation (II. 3). In accordance with
this notation, then, the above equation assumes the form

2% =1, (2)

and is, in fact, the expression of a second general law of those symbols by which
names, qualities, or descriptions, are symbolically represented.

The reader must bear in mind that although the symbols x and ¥y in the ex-
amples previously formed received significations distinct from each other, noth-
ing prevents us from attributing to them precisely the same signification. It is
evident that the more nearly their actual significations approach to each other,
the more nearly does the class of things denoted by the combination zy ap-
proach to identity with the class denoted by x, as well as with that denoted
by y. The case supposed in the demonstration of the equation (2) is that of
absolute identity of meaning. The law which it expresses is practically exem-
plified in language. To say “good, good,” in relation to any subject, though
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a cumbrous and useless pleonasm, is the same as to say “good.” Thus “good,
good” men, is equivalent to “good” men. Such repetitions of words are indeed
sometimes employed to heighten a quality or strengthen an affirmation. But this
effect is merely secondary and conventional; it is not founded in the intrinsic
relations of language and thought. Most of the operations which we observe in
nature, or perform ourselves, are of such a kind that their effect is augmented
by repetition, and this circumstance prepares us to expect the same thing in
language, and even to use repetition when we design to speak with emphasis.
But neither in strict reasoning nor in exact discourse is there any just ground
for such a practice.

10. We pass now to the consideration of another class of the signs of speech,
and of the laws connected with their use.

CLASS II.

11. Signs of those mental operations whereby we collect parts into a whole,
or separate a whole into its parts.

We are not only capable of entertaining the conceptions of objects, as char-
acterized by names, qualities, or circumstances, applicable to each individual of
the group under consideration, but also of forming the aggregate conception of a
group of objects consisting of partial groups, each of which is separately named
or described. For this purpose we use the conjunctions “and,” “or,” &c. “Trees
and minerals,” “barren mountains, or fertile vales,” are examples of this kind.
In strictness, the words “and,” “or,” interposed between the terms descriptive
of two or more classes of objects, imply that those classes are quite distinct, so
that no member of one is found in another. In this and in all other respects
the words “and” “or” are analogous with the sign + in algebra, and their laws
are identical. Thus the expression “men and women” is, conventional meanings
set aside, equivalent with the expression “women and men.” Let x represent
“men,” y, “women;” and let + stand for “and” and “or,” then we have

r+y=y-+uwx, (3)

an equation which would equally hold true if x and y represented numbers, and
+ were the sign of arithmetical addition.

Let the symbol z stand for the adjective “European,” then since it is, in
effect, the same thing to say “European men and women,” as to say “European
men and European women,” we have

z(x+y) =zx+ 2y. (4)

And this equation also would be equally true were x, y, and z symbols of number,
and were the juxtaposition of two literal symbols to represent their algebraic
product, just as in the logical signification previously given, it represents the
class of objects to which both the epithets conjoined belong.

The above are the laws which govern the use of the sign +, here used to
denote the positive operation of aggregating parts into a whole. But the very
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idea of an operation effecting some positive change seems to suggest to us the
idea of an opposite or negative operation, having the effect of undoing what
the former one has done. Thus we cannot conceive it possible to collect parts
into a whole, and not conceive it also possible to separate a part from a whole.
This operation we express in common language by the sign except, as, “All men
except Asiatics,” “All states except those which are monarchical.” Here it is
implied that the things excepted form a part of the things from which they are
excepted. As we have expressed the operation of aggregation by the sign +, so
we may express the negative operation above described by — minus. Thus if x be
taken to represent men, and y, Asiatics, i. e. Asiatic men, then the conception
of “All men except Asiatics” will be expressed by x — y. And if we represent
by x, “states,” and by y the descriptive property “having a monarchical form,”
then the conception of “All states except those which are monarchical” will be
expressed by z — zy.

As it is indifferent for all the essential purposes of reasoning whether we
express excepted cases first or last in the order of speech, it is also indifferent in
what order we write any series of terms, some of which are affected by the sign
—. Thus we have, as in the common algebra,

T—y=-—y+a. (5)

g i

Still representing by x the class “men,” and by y “Asiatics,” let z represent the
adjective “white.” Now to apply the adjective “white” to the collection of men
expressed by the phrase “Men except Asiatics,” is the same as to say, “White
men, except white Asiatics.” Hence we have

z(x—y) =zx — 2y. (6)

This is also in accordance with the laws of ordinary algebra.

The equations (4) and (6) may be considered as exemplification of a single
general law, which may be stated by saying, that the literal symbols, x, y, z, €c.
are distributive in their operation. The general fact which that law expresses is
this, viz..—If any quality or circumstance is ascribed to all the members of a
group, formed either by aggregation or exclusion of partial groups, the resulting
conception is the same as if the quality or circumstance were first ascribed to
each member of the partial groups, and the aggregation or exclusion effected
afterwards. That which is ascribed to the members of the whole is ascribed to
the members of all its parts, howsoever those parts are connected together.

CLASS III.

12. Signs by which relation is expressed, and by which we form propositions.
Though all verbs may with propriety be referred to this class, it is sufficient
for the purposes of Logic to consider it as including only the substantive verb
s or are, since every other verb may be resolved into this element, and one of
the signs included under Class I. For as those signs are used to express quality
or circumstance of every kind, they may be employed to express the active or
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passive relation of the subject of the verb, considered with reference either to
past, to present, or to future time. Thus the Proposition, “Ceaesar conquered
the Gauls,” may be resolved into “Caesar is he who conquered the Gauls.” The
ground of this analysis I conceive to be the following:—Unless we understand
what is meant by having conquered the Gauls, i.e. by the expression “One
who conquered the Gauls,” we cannot understand the sentence in question. It
is, therefore, truly an element of that sentence; another element is “Ceesar,”
and there is yet another required, the copula is to show the connexion of these
two. I do not, however, affirm that there is no other mode than the above of
contemplating the relation expressed by the proposition, “Caesar conquered the
Gauls;” but only that the analysis here given is a correct one for the particular
point of view which has been taken, and that it suffices for the purposes of
logical deduction. It may be remarked that the passive and future participles of
the Greek language imply the existence of the principle which has been asserted,
viz.: that the sign is or are may be regarded as an element of every personal
verb.

13. The above sign, is or are may be expressed by the symbol =. The laws,
or as would usually be said, the axioms which the symbol introduces, are next
to be considered.

Let us take the Proposition, “The stars are the suns and the planets,” and
let us represent stars by x, suns by ¥, and planets by z; we have then

r=y+z (7)

Now if it be true that the stars are the suns and the planets, it will follow that
the stars, except the planets, are suns. This would give the equation

T —z=y, (8)

which must therefore be a deduction from (7). Thus a term z has been removed
from one side of an equation to the other by changing its sign. This is in
accordance with the algebraic rule of transposition.

But instead of dwelling upon particular cases, we may at once affirm the
general axioms:—

1st. If equal things are added to equal things, the wholes are equal.

2nd. If equal things are taken from equal things, the remainders are equal.

And it hence appears that we may add or subtract equations, and employ
the rule of transposition above given just as in common algebra.

Again: If two classes of things, = and y, be identical, that is, if all the
members of the one are members of the other, then those members of the one
class which possess a given property z will be identical with those members of
the other which possess the same property z. Hence if we have the equation

T =Y
then whatever class or property z may represent, we have also

2T = 2Y.
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This is formally the same as the algebraic law:—If both members of an equation
are multiplied by the same quantity, the products are equal.

In like manner it may be shown that if the corresponding members of two
equations are multiplied together, the resulting equation is true.

14. Here, however, the analogy of the present system with that of algebra,
as commonly stated, appears to stop. Suppose it true that those members of a
class x which possess a certain property z are identical with those members of a
class y which possess the same property z, it does not follow that the members
of the class x universally are identical with the members of the class y. Hence
it cannot be inferred from the equation

zr = 2y,

that the equation
T=1y

is also true. In other words, the axiom of algebraists, that both sides of an
equation may be divided by the same quantity, has no formal equivalent here.
I say no formal equivalent, because, in accordance with the general spirit of
these inquiries, it is not even sought to determine whether the mental operation
which is represented by removing a logical symbol, z, from a combination zzx,
is in itself analogous with the operation of division in Arithmetic. That mental
operation is indeed identical with what is commonly termed Abstraction, and it
will hereafter appear that its laws are dependent upon the laws already deduced
in this chapter. What has now been shown is, that there does not exist among
those laws anything analogous in form with a commonly received axiom of
Algebra.

But a little consideration will show that even in common algebra that axiom
does not possess the generality of those other axioms which have been consid-
ered. The deduction of the equation z = y from the equation zx = zy is only
valid when it is known that z is not equal to 0. If then the value z = 0 is sup-
posed to be admissible in the algebraic system, the axiom above stated ceases
to be applicable, and the analogy before exemplified remains at least unbroken.

15. However, it is not with the symbols of quantity generally that it is of
any importance, except as a matter of speculation, to trace such affinities. We
have seen (II. 9) that the symbols of Logic are subject to the special law,

xr = x.

Now of the symbols of Number there are but two, viz. 0 and 1, which are
subject to the same formal law. We know that 02 = 0, and that 1> = 1; and
the equation 22 = xz, considered as algebraic, has no other roots than 0 and 1.
Hence, instead of determining the measure of formal agreement of the symbols
of Logic with those of Number generally, it is more immediately suggested to
us to compare them with symbols of quantity admitting only of the values 0
and 1. Let us conceive, then, of an Algebra in which the symbols z, y, z, etc.
admit indifferently of the values 0 and 1, and of these values alone. The laws,
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the axioms, and the processes, of such an Algebra will be identical in their
whole extent with the laws, the axioms, and the processes of an Algebra of
Logic. Difference of interpretation will alone divide them. Upon this principle
the method of the following work is established.

16. It now remains to show that those constituent parts of ordinary language
which have not been considered in the previous sections of this chapter are either
resolvable into the same elements as those which have been considered, or are
subsidiary to those elements by contributing to their more precise definition.

The substantive, the adjective, and the verb, together with the particles
and, except, we have already considered. The pronoun may be regarded as a
particular form of the substantive or the adjective. The adverb modifies the
meaning of the verb, but does not affect its nature. Prepositions contribute
to the expression of circumstance or relation, and thus tend to give precision
and detail to the meaning of the literal symbols. The conjunctions if, either,
or, are used chiefly in the expression of relation among propositions, and it
will hereafter be shown that the same relations can be completely expressed by
elementary symbols analogous in interpretation, and identical in form and law
with the symbols whose use and meaning have been explained in this Chapter.
As to any remaining elements of speech, it will, upon examination, be found that
they are used either to give a more definite significance to the terms of discourse,
and thus enter into the interpretation of the literal symbols already considered,
or to express some emotion or state of feeling accompanying the utterance of a
proposition, and thus do not belong to the province of the understanding, with
which alone our present concern lies. Experience of its use will testify to the
sufficiency of the classification which has been adopted.



Chapter 111

DERIVATION OF THE LAWS OF THE SYMBOLS OF
LOGIC FROM THE LAWS OF THE OPERATIONS OF
THE HUMAN MIND.

1. The object of science, properly so called, is the knowledge of laws and re-
lations. To be able to distinguish what is essential to this end, from what is
only accidentally associated with it, is one of the most important conditions
of scientific progress. I say, to distinguish between these elements, because a
consistent devotion to science does not require that the attention should be
altogether withdrawn from other speculations, often of a metaphysical nature,
with which it is not unfrequently connected. Such questions, for instance, as
the existence of a sustaining ground of phaenomena, the reality of cause, the
propriety of forms of speech implying that the successive states of things are
connected by operations, and others of a like nature, may possess a deep interest
and significance in relation to science, without being essentially scientific. It is
indeed scarcely possible to express the conclusions of natural science without
borrowing the language of these conceptions. Nor is there necessarily any prac-
tical inconvenience arising from this source. They who believe, and they who
refuse to believe, that there is more in the relation of cause and effect than an
invariable order of succession, agree in their interpretation of the conclusions
of physical astronomy. But they only agree because they recognise a common
element of scientific truth, which is independent of their particular views of the
nature of causation.

2. If this distinction is important in physical science, much more does it
deserve attention in connexion with the science of the intellectual powers. For
the questions which this science presents become, in expression at least, almost
necessarily mixed up with modes of thought and language, which betray a meta-
physical origin. The idealist would give to the laws of reasoning one form of
expression; the sceptic, if true to his principles, another. They who regard the
pheenomena with which we are concerned in this inquiry as the mere succes-
sive states of the thinking subject devoid of any causal connexion, and they
who refer them to the operations of an active intelligence, would, if consistent,
equally differ in their modes of statement. Like difference would also result
from a difference of classification of the mental faculties. Now the principle

28
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which I would here assert, as affording us the only ground of confidence and
stability amid so much of seeming and of real diversity, is the following, viz.,
that if the laws in question are really deduced from observation, they have a
real existence as laws of the human mind, independently of any metaphysical
theory which may seem to be involved in the mode of their statement. They
contain an element of truth which no ulterior criticism upon the nature, or even
upon the reality, of the mind’s operations, can essentially affect. Let it even
be granted that the mind is but a succession of states of consciousness, a series
of fleeting impressions uncaused from without or from within, emerging out of
nothing, and returning into nothing again,—the last refinement of the sceptic
intellect,—still, as laws of succession, or at least of a past succession, the results
to which observation had led would remain true. They would require to be
interpreted into a language from whose vocabulary all such terms as cause and
effect, operation and subject, substance and attribute, had been banished; but
they would still be valid as scientific truths.

Moreover, as any statement of the laws of thought, founded upon actual
observation, must thus contain scientific elements which are independent of
metaphysical theories of the nature of the mind, the practical application of
such elements to the construction of a system or method of reasoning must
also be independent of metaphysical distinctions. For it is upon the scientific
elements involved in the statement of the laws, that any practical application
will rest, just as the practical conclusions of physical astronomy are independent
of any theory of the cause of gravitation, but rest only on the knowledge of
its phaenomenal effects. And, therefore, as respects both the determination of
the laws of thought, and the practical use of them when discovered, we are,
for all really scientific ends, unconcerned with the truth or falsehood of any
metaphysical speculations whatever.

3. The course which it appears to me to be expedient, under these circum-
stances, to adopt, is to avail myself as far as possible of the language of common
discourse, without regard to any theory of the nature and powers of the mind
which it may be thought to embody. For instance, it is agreeable to common
usage to say that we converse with each other by the communication of ideas,
or conceptions, such communication being the office of words; and that with
reference to any particular ideas or conceptions presented to it, the mind pos-
sesses certain powers or faculties by which the mental regard maybe fixed upon
some ideas, to the exclusion of others, or by which the given conceptions or
ideas may, in various ways, be combined together. To those faculties or powers
different names, as Attention, Simple Apprehension, Conception or Imagina-
tion, Abstraction, &c., have been given,—mames which have not only furnished
the titles of distinct divisions of the philosophy of the human mind, but passed
into the common language of men. Whenever, then, occasion shall occur to use
these terms, I shall do so without implying thereby that I accept the theory
that the mind possesses such and such powers and faculties as distinct elements
of its activity. Nor is it indeed necessary to inquire whether such powers of the
understanding have a distinct existence or not. We may merge these different
titles under the one generic name of Operations of the human mind, define these
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operations so far as is necessary for the purposes of this work, and then seek to
express their ultimate laws. Such will be the general order of the course which
I shall pursue, though reference will occasionally be made to the names which
common agreement has assigned to the particular states or operations of the
mind which may fall under our notice.

It will be most convenient to distribute the more definite results of the
following investigation into distinct Propositions.

PROPOSITION 1.

4. To deduce the laws of the symbols of Logic from a consideration of those
operations of the mind which are implied in the strict use of language as an
instrument of reasoning.

In every discourse, whether of the mind conversing with its own thoughts,
or of the individual in his intercourse with others, there is an assumed or ex-
pressed limit within which the subjects of its operation are confined. The most
unfettered discourse is that in which the words we use are understood in the
widest possible application, and for them the limits of discourse are co-extensive
with those of the universe itself. But more usually we confine ourselves to a less
spacious field. Sometimes, in discoursing of men we imply (without expressing
the limitation) that it is of men only under certain circumstances and conditions
that we speak, as of civilized men, or of men in the vigour of life, or of men
under some other condition or relation. Now, whatever may be the extent of
the field within which all the objects of our discourse are found, that field may
properly be termed the universe of discourse.

5. Furthermore, this universe of discourse is in the strictest sense the ul-
timate subject of the discourse. The office of any name or descriptive term
employed under the limitations supposed is not to raise in the mind the concep-
tion of all the beings or objects to which that name or description is applicable,
but only of those which exist within the supposed universe of discourse. If that
universe of discourse is the actual universe of things, which it always is when
our words are taken in their real and literal sense, then by men we mean all
men that exist; but if the universe of discourse is limited by any antecedent
implied understanding, then it is of men under the limitation thus introduced
that we speak. It is in both cases the business of the word men to direct a
certain operation of the mind, by which, from the proper universe of discourse,
we select or fix upon the individuals signified.

6. Exactly of the same kind is the mental operation implied by the use of
an adjective. Let, for instance, the universe of discourse be the actual Universe.
Then, as the word men directs us to select mentally from that Universe all the
beings to which the term “men” is applicable; so the adjective “good,” in the
combination “good men,” directs us still further to select mentally from the
class of men all those who possess the further quality “good;” and if another
adjective were prefixed to the combination “good men,” it would direct a further
operation of the same nature, having reference to that further quality which it
might be chosen to express.
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It is important to notice carefully the real nature of the operation here
described, for it is conceivable, that it might have been different from what it is.
Were the adjective simply attributive in its character, it would seem, that when a
particular set of beings is designated by men, the prefixing of the adjective good
would direct us to attach mentally to all those beings the quality of goodness.
But this is not the real office of the adjective. The operation which we really
perform is one of selection according to a prescribed principle or idea. To what
faculties of the mind such an operation would be referred, according to the
received classification of its powers, it is not important to inquire, but I suppose
that it would be considered as dependent upon the two faculties of Conception
or Imagination, and Attention. To the one of these faculties might be referred
the formation of the general conception; to the other the fixing of the mental
regard upon those individuals within the prescribed universe of discourse which
answer to the conception. If, however, as seems not improbable, the power
of Attention is nothing more than the power of continuing the exercise of any
other faculty of the mind, we might properly regard the whole of the mental
process above described as referrible to the mental faculty of Imagination or
Conception, the first step of the process being the conception of the Universe
itself, and each succeeding step limiting in a definite manner the conception
thus formed. Adopting this view, I shall describe each such step, or any definite
combination of such steps, as a definite act of conception. And the use of this
term I shall extend so as to include in its meaning not only the conception of
classes of objects represented by particular names or simple attributes of quality,
but also the combination of such conceptions in any manner consistent with the
powers and limitations of the human mind; indeed, any intellectual operation
short of that which is involved in the structure of a sentence or proposition.
The general laws to which such operations of the mind are subject are now to
be considered.

7. Now it will be shown that the laws which in the preceding chapter have
been determined & posteriori from the constitution of language, for the use
of the literal symbols of Logic, are in reality the laws of that definite mental
operation which has just been described. We commence our discourse with a
certain understanding as to the limits of its subject, i.e. as to the limits of its
Universe. Every name, every term of description that we employ, directs him
whom we address to the performance of a certain mental operation upon that
subject. And thus is thought communicated. But as each name or descriptive
term is in this view but the representative of an intellectual operation, that
operation being also prior in the order of nature, it is clear that the laws of the
name or symbol must be of a derivative character,—must, in fact, originate in
those of the operation which they represent. That the laws of the symbol and
of the mental process are identical in expression will now be shown.

8. Let us then suppose that the universe of our discourse is the actual
universe, so that words are to be used in the full extent of their meaning, and
let us consider the two mental operations implied by the words “white” and
“men.” The word “men” implies the operation of selecting in thought from its
subject, the universe, all men; and the resulting conception, men, becomes the
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subject of the next operation. The operation implied by the word “white” is that
of selecting from its subject, “men,” all of that class which are white. The final
resulting conception is that of “white men.” Now it is perfectly apparent that
if the operations above described had been performed in a converse order, the
result would have been the same. Whether we begin by forming the conception
of “men,” and then by a second intellectual act limit that conception to “white
men,” or whether we begin by forming the conception of “white objects,” and
then limit it to such of that class as are “men,” is perfectly indifferent so far
as the result is concerned. It is obvious that the order of the mental processes
would be equally indifferent if for the words “white” and “men” we substituted
any other descriptive or appellative terms whatever, provided only that their
meaning was fixed and absolute. And thus the indifference of the order of two
successive acts of the faculty of Conception, the one of which furnishes the
subject upon which the other is supposed to operate, is a general condition of
the exercise of that faculty. It is a law of the mind, and it is the real origin of
that law of the literal symbols of Logic which constitutes its formal expression
(1) Chap. II.

9. It is equally clear that the mental operation above described is of such
a nature that its effect is not altered by repetition. Suppose that by a definite
act of conception the attention has been fixed upon men, and that by another
exercise of the same faculty we limit it to those of the race who are white. Then
any further repetition of the latter mental act, by which the attention is limited
to white objects, does not in any way modify the conception arrived at, viz.,
that of white men. This is also an example of a general law of the mind, and it
has its formal expression in the law ((2) Chap, IL.) of the literal symbols.

10. Again, it is manifest that from the conceptions of two distinct classes
of things we can form the conception of that collection of things which the two
classes taken together compose; and it is obviously indifferent in what order of
position or of priority those classes are presented to the mental view. This is
another general law of the mind, and its expression is found in (3) Chap. II.

11. Tt is not necessary to pursue this course of inquiry and comparison. Suf-
ficient illustration has been given to render manifest the two following positions,
viz.:

First, That the operations of the mind, by which, in the exercise of its
power of imagination or conception, it combines and modifies the simple ideas
of things or qualities, not less than those operations of the reason which are
exercised upon truths and propositions, are subject to general laws.

Secondly, That those laws are mathematical in their form, and that they are
actually developed in the essential laws of human language. Wherefore the laws
of the symbols of Logic are deducible from a consideration of the operations of
the mind in reasoning.

12. The remainder of this chapter will be occupied with questions relating
to that law of thought whose expression is 22 = 2 (II. 9), a law which, as has
been implied (II. 15), forms the characteristic distinction of the operations of the
mind in its ordinary discourse and reasoning, as compared with its operations
when occupied with the general algebra of quantity. An important part of the
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following inquiry will consist in proving that the symbols 0 and 1 occupy a place,
and are susceptible of an interpretation, among the symbols of Logic; and it may
first be necessary to show how particular symbols, such as the above, may with
propriety and advantage be employed in the representation of distinct systems
of thought.

The ground of this propriety cannot consist in any community of interpreta-
tion. For in systems of thought so truly distinct as those of Logic and Arithmetic
(T use the latter term in its widest sense as the science of Number), there is,
properly speaking, no community of subject. The one of them is conversant with
the very conceptions of things, the other takes account solely of their numerical
relations. But inasmuch as the forms and methods of any system of reasoning
depend immediately upon the laws to which the symbols are subject, and only
mediately, through the above link of connexion, upon their interpretation, there
may be both propriety and advantage in employing the same symbols in differ-
ent systems of thought, provided that such interpretations can be assigned to
them as shall render their formal laws identical, and their use consistent. The
ground of that employment will not then be community of interpretation, but
the community of the formal laws, to which in their respective systems they
are subject. Nor must that community of formal laws be established upon any
other ground than that of a careful observation and comparison of those results
which are seen to flow independently from the interpretations of the systems
under consideration.

These observations will explain the process of inquiry adopted in the follow-
ing Proposition. The literal symbols of Logic are universally subject to the law
whose expression is 2 = z. Of the symbols of Number there are two only, 0
and 1, which satisfy this law. But each of these symbols is also subject to a
law peculiar to itself in the system of numerical magnitude, and this suggests
the inquiry, what interpretations must be given to the literal symbols of Logic,
in order that the same peculiar and formal laws may be realized in the logical
system also.

ProprosiTION 11

13. To determine the logical value and significance of the symbols 0 and 1.
The symbol 0, as used in Algebra, satisfies the following formal law,

0xy=0, or Oy =0, (1)

whatever number y may represent. That this formal law may be obeyed in
the system of Logic, we must assign to the symbol 0 such an interpretation
that the class represented by Oy may be identical with the class represented
by 0, whatever the class y may be. A little consideration will show that this
condition is satisfied if the symbol 0 represent Nothing. In accordance with a
previous definition, we may term Nothing a class. In fact, Nothing and Universe
are the two limits of class extension, for they are the limits of the possible
interpretations of general names, none of which can relate to fewer individuals
than are comprised in Nothing, or to more than are comprised in the Universe.
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Now whatever the class y may be, the individuals which are common to it and to
the class “Nothing” are identical with those comprised in the class “Nothing,”
for they are none. And thus by assigning to 0 the interpretation Nothing, the law
(1) is satisfied; and it is not otherwise satisfied consistently with the perfectly
general character of the class y.

Secondly, The symbol 1 satisfies in the system of Number the following law,

viz.,

I1xy=y, orly=y,

whatever number y may represent. And this formal equation being assumed as
equally valid in the system of this work, in which 1 and y represent classes, it
appears that the symbol 1 must represent such a class that all the individuals
which are found in any proposed class y are also all the individuals 1y that are
common to that class y and the class represented by 1. A little consideration
will here show that the class represented by 1 must be “the Universe,” since this
is the only class in which are found all the individuals that exist in any class.
Hence the respective interpretations of the symbols 0 and 1 in the system of
Logic are Nothing and Universe.

14. As with the idea of any class of objects as “men,” there is suggested
to the mind the idea of the contrary class of beings which are not men; and
as the whole Universe is made up of these two classes together, since of every
individual which it comprehends we may affirm either that it is a man, or that
it is not a man, it becomes important to inquire how such contrary names are
to be expressed. Such is the object of the following Proposition.

ProrosiTioN III.

If x represent any class of objects, then will 1 — x represent the contrary or
supplementary class of objects., i.e. the class including all objects which are not
comprehended in the class x.

For greater distinctness of conception let x represent the class men, and let
us express, according to the last Proposition, the Universe by 1; now if from the
conception of the Universe, as consisting of “men” and “not-men,” we exclude
the conception of “men,” the resulting conception is that of the contrary class,
“not-men.” Hence the class “not-men” will be represented by 1 — x. And, in
general, whatever class of objects is represented by the symbol x, the contrary
class will be expressed by 1 — x.

15. Although the following Proposition belongs in strictness to a future
chapter of this work, devoted to the subject of maxims or necessary truths, yet,
on account of the great importance of that law of thought to which it relates,
it has been thought proper to introduce it here.

ProrosITION IV.

That axiom of metaphysicians which is termed the principle of contradiction,
and which affirms that it is tmpossible for any being to possess a quality, and
at the same time not to possess it, is a consequence of the fundamental law of
thought, whose expression is x2 = z.
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Let us write this equation in the form
z—xz2 =0,

whence we have
(1l —x)=0; (1)

both these transformations being justified by the axiomatic laws of combination
and transposition (II. 13). Let us, for simplicity of conception, give to the
symbol z the particular interpretation of men, then 1 — x will represent the
class: of “not-men” (Prop. III.) Now the formal product of the expressions of
two classes represents that class of individuals which is common to them both
(IT. 6). Hence = (1 —x) will represent the class whose members are at once
“men,” and “not men,” and the equation (1) thus express the principle, that
a class whose members are at the same time men and not men does not exist.
In other words, that it is impossible for the same individual to be at the same
time a man and not a man. Now let the meaning of the symbol = be extended
from the representing of “men,” to that of any class of beings characterized by
the possession of any quality whatever; and the equation (1) will then express
that it is impossible for a being to possess a quality and not to possess that
quality at the same time. But this is identically that “principle of contradiction”
which Aristotle has described as the fundamental axiom of all philosophy. “It
is impossible that the same quality should both belong and not belong to the
same thing.. .. This is the most certain of all principles.. .. Wherefore they who
demonstrate refer to this as an ultimate opinion. For it is by nature the source
of all the other axioms.”!

The above interpretation has been introduced not on account of its imme-
diate value in the present system, but as an illustration of a significant fact in
the philosophy of the intellectual powers, viz., that what has been commonly
regarded as the fundamental axiom of metaphysics is but the consequence of a
law of thought, mathematical in its form. I desire to direct attention also to the
circumstance that the equation (1) in which that fundamental law of thought
is expressed is an equation of the second degree.? Without speculating at all

Lo yaip adtd dpa Hridpyew te ol ui) rdpyew ddvvatoy T adtdh xol xotd to adté. . . Altn o1
noodv o Tl Befouotdtn TV GexdVv. . . Ald TévTES Ol dnodevivieg eig TadTNV dvdyouoty Eoxdtnv
B6Eav ploeL Yap dp&T xol T8V ALY dEewpdtwy adtn ndvtwy.— Metaphysica, 111, 3.

2Should it here be said that the existence of the equation 2 = z necessitates also the
existence of the equation 23 = z, which is of the third degree, and then inquired whether that
equation does not indicate a process of trichotomy; the answer is, that the equation z3 = z
is not interpretable in the system of logic. For writing it in either of the forms

z(1—=z)(l+x) 0, (2)
z(1—z)(-1—2x) 0, (3)

we see that its interpretation, if possible at all, must involve that of the factor 1+ x, or of the
factor —1 — x. The former is not interpretable, because we cannot conceive of the addition
of any class = to the universe 1; the latter is not interpretable, because the symbol —1 is not
subject to the law z(1 — z) = 0, to which all class symbols are subject. Hence the equation
23 = z admits of no interpretation analogous to that of the equation 2 = z. Were the former
equation, however, true independently of the latter, i.e. were that act of the mind which is
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in this chapter upon the question, whether that circumstance is necessary in
its own nature, we may venture to assert that if it had not existed, the whole
procedure of the understanding would have been different from what it is. Thus
it is a consequence of the fact that the fundamental equation of thought is of
the second degree, that we perform the operation of analysis and classification,
by division into pairs of opposites, or, as it is technically said, by dichotomy.
Now if the equation in question had been of the third degree, still admitting
of interpretation as such, the mental division must have been threefold in char-
acter, and we must have proceeded by a species of trichotomy, the real nature
of which it is impossible for us, with our existing faculties, adequately to con-
ceive, but the laws of which we might still investigate as an object of intellectual
speculation.

16. The law of thought expressed by the equation (1) will, for reasons which
are made apparent by the above discussion, be occasionally referred to as the
“law of duality.”

denoted by the symbol z, such that its second repetition should reproduce the result of a
single operation, but not its first or mere repetition, it is presumable that we should be able
to interpret one of the forms (1), (2), which under the actual conditions of thought we cannot
do. There exist operations, known to the mathematician, the law of which may be adequately
expressed by the equation 23 = z. But they are of a nature altogether foreign to the province
of general reasoning.

In saying that it is conceivable that the law of thought might have been different from what
it is, I mean only that we can frame such an hypothesis, and study its consequences. The
possibility of doing this involves no such doctrine as that the actual law of human reason is
the product either of chance or of arbitrary will.



Chapter IV

OF THE DIVISION OF PROPOSITIONS INTO THE
TWO CLASSES OF “PRIMARY” AND
“SECONDARY;” OF THE CHARACTERISTIC
PROPERTIES OF THOSE CLASSES, AND OF THE
LAWS OF THE EXPRESSION OF PRIMARY
PROPOSITIONS.

1. The laws of those mental operations which are concerned in the processes of
Conception or Imagination having been investigated, and the corresponding laws
of the symbols by which they are represented explained, we are led to consider
the practical application of the results obtained: first, in the expression of the
complex terms of propositions; secondly, in the expression of propositions; and
lastly, in the construction of a general method of deductive analysis. In the
present chapter we shall be chiefly concerned with the first of these objects, as
an introduction to which it is necessary to establish the following Proposition:

PROPOSITION 1.

All logical propositions may be considered as belonging to one or the other
of two great classes, to which the respective names of “Primary” or “Concrete
Propositions,” and “Secondary” or “Abstract Propositions,” may be given.

Every assertion that we make may be referred to one or the other of the two
following kinds. Either it expresses a relation among things, or it expresses, or
is equivalent to the expression of, a relation among propositions. An assertion
respecting the properties of things, or the pheenomena which they manifest, or
the circumstances in which they are placed, is, properly speaking, the assertion
of a relation among things. To say that “snow is white,” is for the ends of
logic equivalent to saying, that “snow is a white thing.” An assertion respecting
facts or events, their mutual connexion and dependence, is, for the same ends,
generally equivalent to the assertion, that such and such propositions concern-
ing those events have a certain relation to each other as respects their mutual
truth or falsehood. The former class of propositions, relating to things, I call
“Primary;” the latter class, relating to propositions, I call “Secondary.” The

37
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distinction is in practice nearly but not quite co-extensive with the common
logical distinction of propositions as categorical or hypothetical.

For instance, the propositions, “The sun shines,” “The earth is warmed,” are
primary; the proposition, “If the sun shines the earth is warmed,” is secondary.
To say, “The sun shines,” is to say, “The sun is that which shines,” and it
expresses a relation between two classes of things, viz., “the sun” and “things
which shine.” The secondary proposition, however, given above, expresses a
relation of dependence between the two primary propositions, “The sun shines,”
and “The earth is warmed.” T do not hereby affirm that the relation between
these propositions is, like that which exists between the facts which they express,
a relation of causality, but only that the relation among the propositions so
implies, and is so implied by, the relation among the facts, that it may for the
ends of logic be used as a fit representative of that relation.

2. If instead of the proposition, “The sun shines,” we say, “It is true that
the sun shines,” we then speak not directly of things, but of a proposition
concerning things, viz., of the proposition, “The sun shines.” And, therefore,
the proposition in which we thus speak is a secondary one. Every primary
proposition may thus give rise to a secondary proposition, viz., to that secondary
proposition which asserts its truth, or declares its falsehood.

It will usually happen, that the particles if, either, or, will indicate that
a proposition is secondary; but they do not necessarily imply that such is the
case. The proposition, “Animals are either rational or irrational,” is primary. It
cannot be resolved into “Either animals are rational or animals are irrational,”
and it does not therefore express a relation of dependence between the two
propositions connected together in the latter disjunctive sentence. The particles,
either, or, are in fact no criterion of the nature of propositions, although it
happens that they are more frequently found in secondary propositions. Even
the conjunction if may be found in primary propositions. “Men are, if wise,
then temperate,” is an example of the kind. It cannot be resolved into “If all
men are wise, then all men are temperate.”

3. As it is not my design to discuss the merits or defects of the ordinary
division of propositions, I shall simply remark here, that the principle upon
which the present classification is founded is clear and definite in its application,
that it involves a real and fundamental distinction in propositions, and that it
is of essential importance to the development of a general method of reasoning.
Nor does the fact that a primary proposition may be put into a form in which
it becomes secondary at all conflict with the views here maintained. For in the
case thus supposed, it is not of the things connected together in the primary
proposition that any direct account is taken, but only of the proposition itself
considered as true or as false.

4. In the expression both of primary and of secondary propositions, the
same symbols, subject, as it will appear, to the same laws, will be employed
in this work. The difference between the two cases is a difference not of form
but of interpretation. In both cases the actual relation which it is the object
of the proposition to express will be denoted by the sign =. In the expression
of primary propositions, the members thus connected will usually represent the
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“terms” of a proposition, or, as they are more particularly designated, its subject
and predicate.

ProrosiTiON II.

5. To deduce a general method, founded upon the enumeration of possible
varieties, for the expression of any class or collection of things, which may
constitute a “term” of a Primary Proposition.

First, If the class or collection of things to be expressed is defined only
by names or qualities common to all the individuals of which it consists, its
expression will consist of a single term, in which the symbols expressive of those
names or qualities will be combined without any connecting sign, as if by the
algebraic process of multiplication. Thus, if x represent opaque substances, y
polished substances, z stones, we shall have,

xyz = opaque polished stones;
2y(1 — z) = opaque polished substances which are not stones;

z(1 —y)(1 — z) = opaque substances which are not polished, and are not
stones;

and so on for any other combination. Let it be observed, that each of these
expressions satisfies the same law of duality, as the individual symbols which it
contains. Thus,

TYZ X TYZ = TYZ;
zy(l —z) x ay(l — z) = xy(l — 2);

and so on. Any such term as the above we shall designate as a “class term,”
because it expresses a class of things by means of the common properties or
names of the individual members of such class.

Secondly, If we speak of a collection of things, different portions of which are
defined by different properties, names, or attributes, the expressions for those
different portions must be separately formed, and then connected by the sign +.
But if the collection of which we desire to speak has been formed by excluding
from some wider collection a defined portion of its members, the sign — must
be prefixed to the symbolical expression of the excluded portion. Respecting
the use of these symbols some further observations may be added.

6. Speaking generally, the symbol + is the equivalent of the conjunctions
“and,” “or,” and the symbol —, the equivalent of the preposition “except.” Of
the conjunctions “and” and “or,” the former is usually employed when the col-
lection to be described forms the subject, the latter when it forms the predicate,
of a proposition. “The scholar and the man of the world desire happiness,” may
be taken as an illustration of one of these cases. “Things possessing utility are
either productive of pleasure or preventive of pain,” may exemplify the other.
Now whenever an expression involving these particles presents itself in a pri-
mary proposition, it becomes very important to know whether the groups or
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classes separated in thought by them are intended to be quite distinct from
each other and mutually exclusive, or not. Does the expression, “Scholars and
men of the world,” include or exclude those who are both? Does the ex-pression,
“Fither productive of pleasure or preventive of pain,” include or exclude things
which possess both these qualities? I apprehend that in strictness of meaning
the conjunctions “and,” “or,” do possess the power of separation or exclusion
here referred to; that the formula, “All x’s are either y’s or z’s,” rigorously
interpreted, means, “All x’s are either y’s, but not z’s,” or, “z’s but not y’s.”
But it must at the same time be admitted, that the “jus et norma loquendi”
seems rather to favour an opposite interpretation. The expression, “Either y’s
or z’s,” would generally be understood to include things that are y’s and z’s
at the same time, together with things which come under the one, but not the
other. Remembering, however, that the symbol + does possess the separating
power which has been the subject of discussion, we must resolve any disjunctive
expression which may come before us into elements really separated in thought,
and then connect their respective expressions by the symbol +.

And thus, according to the meaning implied, the expression, “Things which
are either z’s or y’s,” will have two different symbolical equivalents. If we mean,
“Things which are z’s, but not y’s, or y’s, but not x’s,” the expression will be

r(1—y)+y(l—=);

the symbol x standing for x’s, y for y’s. If, however, we mean, “Things which
are either x’s, or, if not z’s, then y’s,” the expression will be

x4+ y(l—x).

This expression supposes the admissibility of things which are both x’s and y’s
at the same time. It might more fully be expressed in the form

ry + (1 —y) +y(l —z);

but this expression, on addition of the two first terms, only reproduces the
former one.

Let it be observed that the expressions above given satisfy the fundamental
law of duality (III. 16). Thus we have

{z(1—y)+y(1—2)}* = z(1—y) +y(—a),
{x+(1—x)}2 = z+y(l—=zx).

It will be seen hereafter, that this is but a particular manifestation of a general
law of expressions representing “classes or collections of things.”

7. The results of these investigations may be embodied in the following rule
of expression.

RULE.—FEzxpress simple names or qualities by the symbols x, y, z, &c., their
contraries by 1 —x, 1 —y, 1 — z, 8c.; classes of things defined by common
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names or qualities, by connecting the corresponding symbols as in multiplica-
tion; collections of things, consisting of portions different from each other, by
connecting the expressions of those portions by the sign +. In particular, let
the expression, “Either x’s or y’s,” be expressed by x(1 —y) + y(1 — x), when
the classes denoted by x and y are exclusive, by x + y(1 — x) when they are not
exclusive. Similarly let the expression, “Fither x’s, ory’s, or z’s,” be expressed
byx(1—y)(1—2)+y(l—x)(1—2)+2(1—z)(1—y), when the classes denoted by x,
y, and z, are designed to be mutually exclusive, by t+y(1 —z)+z(1—z)(1—y),
when they are not meant to be exclusive, and so on.

8. On this rule of expression is founded the converse rule of interpretation.
Both these will be exemplified with, perhaps, sufficient fulness in the following
instances. Omitting for brevity the universal subject “things,” or “beings,” let
us assume

x = hard, y = elastic, z = metals;

and we shall have the following results:

“Non-elastic metals,” will be expressed by z(1 — y);
“Elastic substances with non-elastic metals,” by y + 2(1 — y);
“Hard substances, except metals,” by = — z;
“Metallic substances, except those which are neither hard nor elastic,” by
z—2(1—-2)(1—y), or by z{1 — (1 —z)(1 — y)}, vide (6), Chap. IL

In the last example, what we had really to express was “Metals, except not
hard, not elastic, metals.” Conjunctions used between adjectives are usually
superfluous, and, therefore, must not be expressed symbolically.

Thus, “Metals hard and elastic,” is equivalent to “Hard elastic metals,” and
expressed by zyz.

Take next the expression, “Hard substances, except those which are metal-
lic and non-elastic, and those which are elastic and non-metallic.” Here the
word those means hard substances, so that the expression really means, Hard
substances except hard substances, metallic, non-elastic, and hard substances
non-metallic, elastic; the word except extending to both the classes which fol-
low it. The complete expression is

z—{zz1—-y) + zy(l—2)}k
or,z — zz(1—y)—zy(l—=z).

9. The preceding Proposition, with the different illustrations which have
been given of it, is a necessary preliminary to the following one, which will
complete the design of the present chapter.

ProrposiTioN III.
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To deduce from an examination of their possible varieties a general method
for the expression of Primary or Concrete Propositions.

A primary proposition, in the most general sense, consists of two terms,
between which a relation is asserted to exist. These terms are not necessarily
single-worded names, but may represent any collection of objects, such as we
have been engaged in considering in the previous sections. The mode of ex-
pressing those terms is, therefore, comprehended in the general precepts above
given, and it only remains to discover how the relations between the terms are
to be expressed. This will evidently depend upon the nature of the relation,
and more particularly upon the question whether, in that relation, the terms
are understood to be universal or particular, i.e. whether we speak of the whole
of that collection of objects to which a term refers, or indefinitely of the whole
or of a part of it, the usual signification of the prefix, “some.”

Suppose that we wish to express a relation of identity between the two
classes, “Fixed Stars” and “Sums,” i.e. to express that “All fixed stars are
suns,” and “All suns are fixed stars.” Here, if z stand for fixed stars, and y for
suns, we shall have

r=y
for the equation required.

In the proposition, “All fixed stars are suns,” the term “all fixed stars” would
be called the subject, and “ suns” the predicate. Suppose that we extend the
meaning of the terms subject and predicate in the following manner. By subject
let us mean the first term of any affirmative proposition, i. e. the term which
precedes the copula is or are; and by predicate let us agree to mean the second
term, i.e. the one which follows the copula; and let us admit the assumption
that either of these may be universal or particular, so that, in either case, the
whole class may be implied, or only a part of it. Then we shall have the following
Rule for cases such as the one in the last example:—

10. RULE.— When both Subject and Predicate of a Proposition are universal,
form the separate expressions for them, and connect them by the sign =.

This case will usually present itself in the expression of the definitions of
science, or of subjects treated after the manner of pure science. Mr. Senior’s
definition of wealth affords a good example of this kind, viz.:

“Wealth consists of things transferable, limited in supply, and either pro-
ductive of pleasure or preventive of pain.”

Before proceeding to express this definition symbolically, it must be remarked
that the conjunction and is superfluous. Wealth is really defined by its posses-
sion of three properties or qualities, not by its composition out of three classes
or collections of objects. Omitting then the conjunction and, let us make

w = wealth.

t = things transferable.

s = limited in supply.

p = productive of pleasure.
r preventive of pain.
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Now it is plain from the nature of the subject, that the expression, “Either
productive of pleasure or preventive of pain,” in the above definition, is meant
to be equivalent to “Either productive of pleasure; or, if not productive of plea-
sure, preventive of pain.” Thus the class of things which the above expression,
taken alone, would define, would consist of all things productive of pleasure,
together with all things not productive of pleasure, but preventive of pain, and
its symbolical expression would be

p+(1—p)r.

If then we attach to this expression placed in brackets to denote that both
its terms are referred to, the symbols s and ¢ limiting its application to things
“transferable” and “limited in supply,” we obtain the following symbolical equiv-
alent for the original definition, viz.:

w=st{p+r(l—p)} (1)

If the expression, “Either productive of pleasure or preventive of pain,” were
intended to point out merely those things which are productive of pleasure
without being preventive of pain, p(1 — r), or preventive of pain, without being
productive of pleasure, r(1 — p) (exclusion being made of those things which are
both productive of pleasure and preventive of pain), the expression in symbols
of the definition would be

w=st{p(l—7r)+r(1—p)}. (2)

All this agrees with what has before been more generally stated. The reader
may be curious to inquire what effect would be produced if we literally translated
the expression, “Things productive of pleasure or preventive of pain,” by p + 7,
making the symbolical equation of the definition to be

w=st(p+r). (3)

The answer is, that this expression would be equivalent to (2), with the
additional implication that the classes of things denoted by stp and str are
quite distinct, so that of things transferable and limited in supply there exist
none in the universe which are at the same time both productive of pleasure and
preventive of pain. How the full import of any equation may be determined will
be explained hereafter. What has been said may show that before attempting to
translate our data into the rigorous language of symbols, it is above all things
necessary to ascertain the intended import of the words we are using. But
this necessity cannot be regarded as an evil by those who value correctness of
thought, and regard the right employment of language as both its instrument
and its safeguard.

11. Let us consider next the case in which the predicate of the proposition
is particular, e.g. “All men are mortal.”

In this case it is clear that our meaning is, “All men are some mortal be-
ings,” and we must seek the expression of the predicate, “some mortal beings.”
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Represent then by v, a class indefinite in every respect but this, viz., that some
of its members are mortal beings, and let x stand for “mortal beings,” then
will vz represent “some mortal beings.” Hence if y represent men, the equation
sought will be

Y = V.

From such considerations we derive the following Rule, for expressing an
affirmative universal proposition whose predicate is particular:

RULE.—FEzpress as before the subject and the predicate, attach to the latter
the indefinite symbol v, and equate the expressions.

It is obvious that v is a symbol of the same kind as x, y, &c., and that it is
subject to the general law,

v? = v, orv(l —v) = 0.

Thus, to express the proposition, “The planets are either primary or sec-
ondary,” we should, according to the rule, proceed thus:

Let x represent planets (the subject);

= primary bodies;

z = secondary bodies;

then, assuming the conjunction “or” to separate absolutely the class of “pri-
mary” from that of “secondary” bodies, so far as they enter into our consider-
ation in the proposition given, we find for the equation of the proposition

r=v{y(l-2)+z(1-y)}. (4)

It may be worth while to notice, that in this case the literal translation of the
premises into the form
z=v(y+2) (5)

would be exactly equivalent, v being an indefinite class symbol. The form
(4) is, however, the better, as the expression

y(1—2)+z(1-y)

consists of terms representing classes quite distinct from each other, and
satisfies the fundamental law of duality.

If we take the proposition, “The heavenly bodies are either suns, or planets,
or comets,” representing these classes of things by w, x, y, z, respectively, its
expression, on the supposition that none of the heavenly bodies belong at once
to two of the divisions above mentioned, will be

w=v{z(l-y)(I1-2)+y(l-2)(1-2)+z(1-2)(1-y)}

If, however, it were meant to be implied that the heavenly bodies were
either suns, or, if not suns, planets, or, if neither, suns nor planets, fixed stars,
a meaning which does not exclude the supposition of some of them belonging at
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once to two or to all three of the divisions of suns, planets, and fixed stars,—the
expression required would be

w=v{r+yl—2)+z(1—x)(1—y)}. (6)

The above examples belong to the class of descriptions, not definitions. In-
deed the predicates of propositions are usually particular. When this is not the
case, either the predicate is a singular term, or we employ, instead of the copula
“is” or “are,” some form of connexion, which implies that the predicate is to be
taken universally.

12. Consider next the case of universal negative propositions, e.g. “No men
are perfect beings.”

Now it is manifest that in this case we do not speak of a class termed “no
men,” and assert of this class that all its members are “perfect beings.” But
we virtually make an assertion about “all men” to the effect that they are “not
perfect beings.” Thus the true meaning of the proposition is this:

“All men (subject) are (copula) not perfect (predicate);” whence, if y repre-
sent “men,” and x “perfect beings,” we shall have

y=v(l-2z),

and similarly in any other case. Thus we have the following Rule:

RULE.—To express any proposition of the form “No x’s are y’s,” convert it
into the form “All x’s are not y’s,” and then proceed as in the previous case.

13. Consider, lastly, the case in which the subject of the proposition is
particular, e.g. “Some men are not wise.” Here, as has been remarked, the
negative not may properly be referred, certainly, at least, for the ends of Logic,
to the predicate wise; for we do not mean to say that it is not true that “Some
men are wise,” but we intend to predicate of “some men” a want of wisdom. The
requisite form of the given proposition is, therefore, “Some men are not-wise.”
Putting, then, y for “men,” x for “wise,” i. e. “wise beings,” and introducing v
as the symbol of a class indefinite in all respects but this, that it contains some
individuals of the class to whose expression it is prefixed, we have

vy=v(l—1x).

14. We may comprise all that we have determined in the following general
Rule:

GENERAL RULE FOR THE SYMBOLICAL EXPRESSION OF PRIMARY
PROPOSITIONS.

1st. If the proposition is affirmative, form the expression of the subject
and that of the predicate. Should either of them be particular, attach to it the
indefinite symbol v, and then equate the resulting expressions.

2ndly. If the proposition is negative, express first its true meaning by attach-
ing the negative particle to the predicate, then proceed as above.

One or two additional examples may suffice for illustration.
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Ex.—“No men are placed in exalted stations, and free from envious regards.”

Let y represent “men,” x, “placed in exalted stations,” z, “free from envious
regards.”

Now the expression of the class described as “placed in exalted station,” and
“free from envious regards,” is zz. Hence the contrary class, i.e. they to whom
this description does not apply, will be represented by 1 — xz, and to this class
all men are referred. Hence we have

y=v(l—uzz).

If the proposition thus expressed had been placed in the equiva- lent form, “Men
in exalted stations are not free from envious regards,” its expression would have
been

yr=v(1-2z).

It will hereafter appear that this expression is really equivalent to the previous
one, on the particular hypothesis involved, viz., that v is an indefinite class
symbol.

Ex.—“No men are heroes but those who unite self-denial to courage.”

Let £ = “men,” y = “heroes,” z = “those who practise self-denial,” w, “those
who possess courage.”

The assertion really is, that “men who do not possess courage and practise
self-denial are not heroes.”

Hence we have

z(l—z2w)=v(l—y)

for the equation required.

15. In closing this Chapter it may be interesting to compare together the
great leading types of propositions symbolically expressed. If we agree to rep-
resent by X and Y the symbolical expressions of the “terms,” or things related,
those types will be

X = Y,
X =Y,
vX = Y.

In the first, the predicate only is particular; in the second, both terms are
universal; in the third, both are particular. Some minor forms are really included
under these. Thus, if Y = 0, the second form becomes

X =0

and if Y = 1 it becomes
X=1;

both which forms admit of interpretation. It is further to be noticed, that
the expressions X and Y, if founded upon a sufficiently careful analysis of the
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meaning of the “terms” of the proposition, will satisfy the fundamental law of
duality which requires that we have

X?=X or X(1-X)=0,
Y?=Y o Y(1-Y)=0.



Chapter V

OF THE FUNDAMENTAL PRINCIPLES OF
SYMBOLICAL REASONING, AND OF THE
EXPANSION OR DEVELOPMENT OF EXPRESSIONS
INVOLVING LOGICAL SYMBOLS.

1. The previous chapters of this work have been devoted to the investigation of
the fundamental laws of the operations of the mind in reasoning; of their devel-
opment in the laws of the symbols of Logic; and of the principles of expression,
by which that species of propositions called primary may be represented in the
language of symbols. These inquiries have been in the strictest sense prelim-
inary. They form an indispensable introduction to one of the chief objects of
this treatise—the construction of a system or method of Logic upon the basis
of an exact summary of the fundamental laws of thought. There are certain
considerations touching the nature of this end, and the means of its attainment,
to which T deem it necessary here to direct attention.

2. I would remark in the first place that the generality of a method in Logic
must very much depend upon the generality of its elementary processes and
laws. We have, for instance, in the previous sections of this work investigated,
among other things, the laws of that logical process of addition which is sym-
bolized by the sign +. Now those laws have been determined from the study of
instances, in all of which it has been a necessary condition, that the classes or
things added together in thought should be mutually exclusive. The expression
x + y seems indeed uninterpretable, unless it be assumed that the things rep-
resented by x and the things represented by y are entirely separate; that they
embrace no individuals in common. And conditions analogous to this have been
involved in those acts of conception from the study of which the laws of the
other symbolical operations have been ascertained. The question then arises,
whether it is necessary to restrict the application of these symbolical laws and
processes by the same conditions of interpretability under which the knowledge
of them was obtained. If such restriction is necessary, it is manifest that no
such thing as a general method in Logic is possible. On the other hand, if such
restriction is unnecessary, in what light are we to contemplate processes which
appear to be uninterpretable in that sphere of thought which they are designed
to aid? These questions do not belong to the science of Logic alone. They are

48
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equally pertinent to every developed form of human reasoning which is based
upon the employment of a symbolical language.

3. I would observe in the second place, that this apparent failure of corre-
spondency between process and interpretation does not manifest itself in the
ordinary applications of human reason. For no operations are there performed
of which the meaning and the application are not seen; and to most minds
it does not suffice that merely formal reasoning should connect their premises
and their conclusions; but every step of the connecting train, every mediate
result which is established in the course of demonstration, must be intelligible
also. And without doubt, this is both an actual condition and an important
safeguard, in the reasonings and discourses of common life.

There are perhaps many who would be disposed to extend the same princi-
ple to the general use of symbolical language as an instrument of reasoning. It
might be argued, that as the laws or axioms which govern the use of symbols are
established upon an investigation of those cases only in which interpretation is
possible, we have no right to extend their application to other cases in which in-
terpretation is impossible or doubtful, even though (as should be admitted) such
application is employed in the intermediate steps of demonstration only. Were
this objection conclusive, it must be acknowledged that slight advantage would
accrue from the use of a symbolical method in Logic. Perhaps that advantage
would be confined to the mechanical gain of employing short and convenient
symbols in the place of more cumbrous ones. But the objection itself is falla-
cious. Whatever our ¢ prior: anticipations might be, it is an unquestionable fact
that the validity of a conclusion arrived at by any symbolical process of reason-
ing, does not depend upon our ability to interpret the formal results which have
presented themselves in the different stages of the investigation. There exist, in
fact, certain general principles relating to the use of symbolical methods, which,
as pertaining to the particular subject of Logic, I shall first state, and I shall
then offer some remarks upon the nature and upon the grounds of their claim
to acceptance.

4. The conditions of valid reasoning, by the aid of symbols, are—

1st, That a fixed interpretation be assigned to the symbols employed in the
expression of the data; and that the laws of the combination of those symbols
be correctly determined from that interpretation.

2nd, That the formal processes of solution or demonstration be conducted
throughout in obedience to all the laws determined as above, without regard to
the question of the interpretability of the particular results obtained.

3rd, That the final result be interpretable in form, and that it be actually
interpreted in accordance with that system of interpretation which has been em-
ployed in the expression of the data. Concerning these principles, the following
observations may be made.

5. The necessity of a fixed interpretation of the symbols has already been
sufficiently dwelt upon (II. 3). The necessity that the fixed result should be in
such a form as to admit of that interpretation being applied, is founded on the
obvious principle, that the use of symbols is a means towards an end, that end
being the knowledge of some intelligible fact or truth. And that this end may
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be attained, the final result which expresses the symbolical conclusion must be
in an interpretable form. It is, however, in connexion with the second of the
above general principles or conditions (V. 4), that the greatest difficulty is likely
to be felt, and upon this point a few additional words are necessary.

I would then remark, that the principle in question may be considered as
resting upon a general law of the mind, the knowledge of which is not given
to us a priori, i.e. antecedently to experience, but is derived, like the knowl-
edge of the other laws of the mind, from the clear manifestation of the general
principle in the particular instance. A single example of reasoning, in which
symbols are employed in obedience to laws founded upon their interpretation,
but without any sustained reference to that interpretation, the chain of demon-
stration conducting us through intermediate steps which are not interpretable,
to a final result which is interpretable, seems not only to establish the validity
of the particular application, but to make known to us the general law mani-
fested therein. No accumulation of instances can properly add weight to such
evidence. It may furnish us with clearer conceptions of that common element
of truth upon which the application of the principle depends, and so prepare
the way for its reception. It may, where the immediate force of the evidence is
not felt, serve as a verification, a posteriori, of the practical validity of the prin-
ciple in question. But this does not affect the position affirmed, viz., that the
general principle must be seen in the particular instance,—seen to be general
in application as well as true in the special example. The employment of the
uninterpretable symbol v/—1, in the intermediate processes of trigonometry, fur-
nishes an illustration of what has been said. I apprehend that there is no mode
of explaining that application which does not covertly assume the very principle
in question. But that principle, though not, as I conceive, warranted by formal
reasoning based upon other grounds, seems to deserve a place among those ax-
iomatic truths which constitute, in some sense, the foundation of the possibility
of general knowledge, and which may properly be regarded as expressions of the
mind’s own laws and constitution.

6. The following is the mode in which the principle above stated will be ap-
plied in the present work. It has been seen, that any system of propositions may
be expressed by equations involving symbols x, y, z, which, whenever interpre-
tation is possible, are subject to laws identical in form with the laws of a system
of quantitative symbols, susceptible only of the values 0 and 1 (II. 15). But as
the formal processes of reasoning depend only upon the laws of the symbols,
and not upon the nature of their interpretation, we are permitted to treat the
above symbols, x, y, z, as if they were quantitative symbols of the kind above
described. We may in fact lay aside the logical interpretation of the symbols
i the given equation; convert them into quantitative symbols, susceptible only
of the values 0 and 1; perform upon them as such all the requisite processes of
solution; and finally restore to them their logical interpretation. And this is the
mode of procedure which will actually be adopted, though it will be deemed
unnecessary to restate in every instance the nature of the transformation em-
ployed. The processes to which the symbols z, y, z, regarded as quantitative
and of the species above described, are subject, are not limited by those condi-
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tions of thought to which they would, if performed upon purely logical symbols,
be subject, and a freedom of operation is given to us in the use of them, without
which, the inquiry after a general method in Logic would be a hopeless quest.

Now the above system of processes would conduct us to no intelligible result,
unless the final equations resulting therefrom were in a form which should ren-
der their interpretation, after restoring to the symbols their logical significance,
possible. There exists, however, a general method of reducing equations to such
a form, and the remainder of this chapter will be devoted to its consideration.
I shall say little concerning the way in which the method renders interpretation
possible,—this point being reserved for the next chapter,—but shall chiefly con-
fine myself here to the mere process employed, which may be characterized as a
process of “development.” As introductory to the nature of this process, it may
be proper first to make a few observations.

7. Suppose that we are considering any class of things with reference to this
question, viz., the relation in which its members stand as to the possession or
the want of a certain property x. As every individual in the proposed class either
possesses or does not possess the property in question, we may divide the class
into two portions, the former consisting of those individuals which possess, the
latter of those which do not possess, the property. This possibility of dividing
in thought the whole class into two constituent portions, is antecedent to all
knowledge of the constitution of the class derived from any other source; of
which knowledge the effect can only be to inform us, more or less precisely, to
what further conditions the portions of the class which possess and which do
not possess the given property are subject. Suppose, then, such knowledge is
to the following effect, viz., that the members of that portion which possess the
property x, possess also a certain property u, and that these conditions united
are a sufficient definition of them. We may then represent that portion of the
original class by the expression uz (II. 6). If; further, we obtain information
that the members of the original class which do not possess the property z, are
subject to a condition v, and are thus defined, it is clear, that those members
will be represented by the expression v (1 — ). Hence the class in its totality
will be represented by

ux +v(l —x);

which may be considered as a general developed form for the expression of any
class of objects considered with reference to the possession or the want of a
given property z.

The general form thus established upon purely logical grounds may also be
deduced from distinct considerations of formal law, applicable to the symbols
x, Y, 2, equally in their logical and in their quantitative interpretation already
referred to (V. 6).

8. Definition.—Any algebraic expression involving a symbol x is termed a
function of x, and may be represented under the abbreviated general form f ().
Any expression involving two symbols, x and vy, is similarly termed a function
of  and y, and may be represented under the general form f (z,y), and so on
for any other case.
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Thus the form f (z) would indifferently represent any of the following func-

tions, viz., z, 1 — x, ﬁ—i, &c.; and f (z,y) would equally represent any of the

forms = + y, x — 2y, ;j;’y, &ec.

On the same principles of notation, if in any function f (z) we change x into
1, the result will be expressed by the form f (1); if in the same function we
change z into 0, the result will be expressed by the form f (0). Thus, if f ()

represent the function “tZ £ (1) will represent 2tl, and f(0) will represent
a

‘ 9. Definition.—Any function f (z), in which x is a logical symbol, or a
symbol of quantity susceptible only of the values 0 and 1, is said to be developed,
when it is reduced to the form ax + b (1 — z), a and b being so determined as
to make the result equivalent to the function from which it was derived.

This definition assumes, that it is possible to represent any function f (x) in
the form supposed. The assumption is vindicated in the following Proposition.

PROPOSITION 1.

10. To develop any function f () in which x is a logical symbol.
By the principle which has been asserted in this chapter, it is lawful to treat
x as a quantitative symbol, susceptible only of the values 0 and 1.
Assume then,
f(r) =ar+b(1—x),

and making x = 1, we have

J)=a
Again, in the same equation making z = 0, we have
£0)=b.

Hence the values of a and b are determined, and substituting them in the first
equation, we have

fl)=fMaz+f0)(1—-x); (1)
as the development sought.! The second member of the equation adequately
represents the function f (z), whatever the form of that function may be. For

ITo some it may be interesting to remark, that the development of f (z) obtained in this
chapter, strictly holds, in the logical system, the place of the expansion of f (z) in ascending
powers of x in the system of ordinary algebra. Thus it may be obtained by introducing into
the expression of Taylor’s well-known theorem, viz.:

23

LE2
f(x)=fO) + f (0)z+ f’(0) =+ f"(0)

&ec. 1
1-2 1.2.3 ¢ M
the condition x(1 — x) = 0, whence we find 22 = z, 2> = z, &c., and
) (0
=f(0 (0 &c. . 2
r@ =10+ {ro+ TP+ Z0 L el )

But making in (1), z = 1, we get

F = 70) + f(0) + 119 SO

&c.
1-2 1~2-3+ ¢
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x regarded as a quantitative symbol admits only of the values 0 and 1, and for
each of these values the development

fWz+f0)(1—=),

assumes the same value as the function f ().
As an illustration, let it be required to develop the function fj;x . Here,
when z =1, we find f (1) = %, and when z = 0, we find f (0) = %, or 1. Hence

the expression required is

1+zx 2
= — 1— N
T+oz 3° T 7%

and this equation is satisfied for each of the values of which the symbol z is
susceptible.

ProrosiTION II.

To expand or develop a function involving any number of logical symbols.

Let us begin with the case in which there are two symbols, z and y, and let
us represent the function to be developed by f (z,y).

First, considering f (z,y) as a function of x alone, and expanding it by the
general theorem (1), we have

flay)=F1y) e+ f(0,y) (1 —x); (2)

wherein f (1,y) represents what the proposed function becomes, when in it
for x; we write 1, and f (0,y) what the said function becomes, when in it for x
we write 0.

Now, taking the coefficient f (1,y), and regarding it as a function of y, and
expanding it accordingly, we have

fFLy)=fLD)y+ (1,001 -y), (3)

wherein f (1, 1) represents what f (1,y) becomes when y is made equal to 1, and
f(1,0) what f (1,y) becomes when y is made equal to 0.
In like manner, the coefficient f (0,y) gives by expansion,

f(0,y) = f(0,1)y+ f(0,0) (1 —y). (4)

whence (09
710+ 55

and (2) becomes, on substitution,

f(z) = £(0) +{f(1) — f(0)}=,
=fMz+ f(0)A - =),

the form in question. This demonstration in supposing f (z) to be developable in a series of
ascending powers of x is less general than the one in the text.

+ &c. = f(1) = £(0),
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Substitute in (2) for f(1,y), f(0,y), their values given in (3) and (4), and we
have

fy)=FfLDay+f(1,00z(1-y)+f(0,1)(1-2)y (5)
+£(0,0) (1 —2) (1 -y), (6)

for the expansion required. Here f (1,1) represents what f (z,y) becomes when
we make therein x = 1, y = 1; f(1,0) represents what f (x,y) becomes when
we make therein z = 1, y = 0, and so on for the rest.

Thus, if f (z,y) represent the function i:—f;, we find

fan=g  F0=1  fOn=5  [00=1

whence the expansion of the given function is
0 1
6xy+0x(1—y)+6(1—x)y+(1—x)(1—y).
It will in the next chapter be seen that the forms 9 5 and & 5 the former of which
is known to mathematicians as the symbol of indeterminate quantity, admit, in
such expressions as the above, of a very important logical interpretation.
Suppose, in the next place, that we have three symbols in the function

to be expanded, which we may represent under the general form f (z,y,2).
Proceeding as before, we get

1,1,1

f(x,y,z) = f(7 ) )xyz—i—f(l,l,())a:y(l—z)—i—f(lO1) ( y)Z

+ f(1,0,0)z(1—y)(1—2)+ f(0,1,1)(1 —x)yz

+ f(0,1,0)(1-2)y(1-2)+f(0,0,1)(1-2)(1-y)=
f( )

£ £(0,0,0)(1—2)(1—y)(1—2)

in which f(1,1,1) represents what the function f (z,y,z) becomes when we
make therein x = 1, y = 1, 2 = 1, and so on for the rest.

11. Tt is now easy to see the general law which determines the expansion
of any proposed function, and to reduce the method of effecting the expansion
to a rule. But before proceeding to the expression of such a rule, it will be
convenient to premise the following observations:—

Each form of expansion that we have obtained consists of certain terms,
into which the symbols z, y, &c. enter, multiplied by coefficients, into which
those symbols do not enter. Thus the expansion of f (z) consists of two terms,
xz and 1 — x, multiplied by the coefficients f (1) and f (0) respectively. And
the expansion of f (z,y) consists of the four terms zy, z (1 —y), (1 — )y, and
(1—=2), (1 —y), multiplied by the coefficients f(1,1), f(1,0), f(0,1), f(0,0),
respectively. The terms x, 1 —z, in the former case, and the terms xy, = (1 —y),
&c., in the latter, we shall call the constituents of the expansion. It is evident
that they are in form independent of the form of the function to be expanded.
Of the constituent xy, r and y are termed the factors.
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The general rule of development will therefore consist of two parts, the first
of which will relate to the formation of the constituents of the expansion, the
second to the determination of their respective coefficients. It is as follows:

1st. To expand any function of the symbols x, y, z.—Form a series of con-
stituents in the following manner: Let the first constituent be the product of
the symbols; change in this product any symbol z into 1 — z, for the second
constituent. Then in both these change any other symbol y into 1 — y, for
two more constituents. Then in the four constituents thus obtained change any
other symbol z into 1 — x, for four new constituents, and so on until the number
of possible changes is exhausted.

2ndly. To find the coefficient of any constituent.—If that constituent involves
x as a factor, change in the original function z into 1; but if it involves 1 — =
as a factor, change in the original function x into 0. Apply the same rule with
reference to the symbols y, z, &c.: the final calculated value of the function
thus transformed will be the coeflicient sought.

The sum of the constituents, multiplied each by its respective coefficient,
will be the expansion required.

12. It is worthy of observation, that a function may be developed with
reference to symbols which it does not explicitly contain. Thus if, proceeding
according to the rule, we seek to develop the function 1 — z, with reference to
the symbols x and y, we have,

When x=1 and y=1 the given function =0.
X = 1 b2 y — 0 ”» " — 0.
X = 0 b2 y — 1 ”» — 1.
X = 0 7 y — 0 ”» N — 1.

Whence the development is
l—2=0y+0zx(1l-y)+(1-2)y+(1—-2)(1-y);

and this is a true development. The addition of the terms (1 —z)y and
(1 —2) (1 —y) produces the function 1 — x.
The symbol 1 thus developed according to the rule, with respect to the
symbol x, gives
z+1—zx.

Developed with respect to = and y, it gives
zy+rz(l—-y)+(1-x)y+(1—x2)(1—y).

Similarly developed with respect to any set of symbols, it produces a series
consisting of all possible constituents of those symbols.

13. A few additional remarks concerning the nature of the general expansions
may with propriety be added. Let us take, for illustration, the general theorem
(5), which presents the type of development for functions of two logical symbols.

In the first place, that theorem is perfectly true and intelligible when z and
y are quantitative symbols of the species considered in this chapter, whatever
algebraic form may be assigned to the function f (z,y), and it may therefore be
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intelligibly employed in any stage of the process of analysis intermediate between
the change of interpretation of the symbols from the logical to the quantitative
system above referred to, and the final restoration of the logical interpretation.

Secondly. The theorem is perfectly true and intelligible when x and y are
logical symbols, provided that the form of the function f (x,y) is such as to
represent a class or collection of things, in which case the second member is
always logically interpretable. For instance, if f (x,y) represent the function
1 — x + zy, we obtain on applying the theorem

l—az+ay = asy+02(l-y)+(1-2)y+(1-2)(1-y),
= wy+(l-2)y+(1-2)(1-y),

and this result is intelligible and true.

Thus we may regard the theorem as true and intelligible for quantitative
symbols of the species above described, always; for logical symbols, always when
interpretable. Whensoever therefore it is employed in this work it must be
understood that the symbols x, y are quantitative and of the particular species
referred to, if the expansion obtained is not interpretable.

But though the expansion is not always immediately interpretable, it always
conducts us at once to results which are interpretable. Thus the expression x —y
gives on development the form

r(1-y)—y(l—z),

which is not generally interpretable. We cannot take, in thought, from the class
of things which are x’s and not y’s, the class of things which are y’s and not z’s,
because the latter class is not contained in the former. But if the form x — y
presented itself as the first member of an equation, of which the second member
was 0, we should have on development

z(l—y)—y(1l—z)=0.

Now it will be shown in the next chapter that the above equation, x and y being
regarded as quantitative and of the species described, is resolvable at once into
the two equations
z(l-y)=0, y(1-2)=0,

and these equations are directly interpretable in Logic when logical interpre-
tations are assigned to the symbols z and y. And it may be remarked, that
though functions do not necessarily become interpretable upon development,
vet equations are always reducible by this process to interpretable forms.

14. The following Proposition establishes some important properties of con-
stituents. In its enunciation the symbol ¢ is employed to represent indifferently
any constituent of an expansion. Thus if the expansion is that of a function of
two symbols x and y, ¢ represents any of the four forms zy, = (1 —y), (1 — z) y,
and (1 —x) (1 —y). Where it is necessary to represent the constituents of an
expansion by single symbols, and yet to distinguish them from each other, the
distinction will be marked by suffixes. Thus ¢; might be employed to represent
xy, to to represent z (1 — y), and so on.
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ProrosiTiON III.

Any single constituent t of an expansion satisfies the law of duality whose

expression s
t(1—t)=0.

The product of any two distinct constituents of an expansion is equal to 0, and
the sum of all the constituents is equal to 1.
1st. Consider the particular constituent xy. We have

ry X 2y = 2y
But 22 = 2, y? = y, by the fundamental law of class symbols; hence
TY X Y = TY.

Or representing zy by t,
txt=t

or
t(1—t)=0.

Similarly the constituent x (1 — y) satisfies the same law. For we have

=z, (1-y)=1-y
cHz(l=—y)Y¥P =zl —y), ort(1—t)=0.

Now every factor of every constituent is either of the form z or of the form 1 —zx.
Hence the square of each factor is equal to that factor, and therefore the square
of the product of the factors, i.e. of the constituent, is equal to the constituent;
wherefore t representing any constituent, we have

t?=t ort(l—t)=0.

2ndly. The product of any two constituents is 0. This is evident from the
general law of the symbols expressed by the equation x (1 — x) = 0; for whatever
constituents in the same expansion we take, there will be at least one factor x
in the one, to which will correspond a factor 1 — x in the other.

3rdly. The sum of all the constituents of an expansion is unity. This is
evident from addition of the two constituents = and 1 — z, or of the four con-
stituents, zy, z(1—y), (1—2)y, (1—z)(1—y). But it is also, and more generally,
proved by expanding 1 in terms of any set of symbols (V. 12). The constituents
in this case are formed as usual, and all the coefficients are unity.

15. With the above Proposition we may connect the following.

ProrosITION IV.
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If V represent the sum of any series of constituents, the separate coefficients
of which are 1, then is the condition satisfied,

V(I-V)=0

Let t1, t5 ...t, be the constituents in question, then
V=ti+ty---+1t,.
Squaring both sides, and observing that t3 = ¢y, t1t2, = 0, &c., we have
V2=t 4ty +tp;

whence

Therefore



Chapter VI

OF THE GENERAL INTERPRETATION OF LOGICAL
EQUATIONS, AND THE RESULTING ANALYSIS OF
PROPOSITIONS. ALSO, OF THE CONDITION OF
INTERPRETABILITY OF LOGICAL FUNCTIONS.

1. It has been observed that the complete expansion of any function by the
general rule demonstrated in the last chapter, involves two distinct sets of ele-
ments, viz., the constituents of the expansion, and their coefficients. I propose
in the present chapter to inquire, first, into the interpretation of constituents,
and afterwards into the mode in which that interpretation is modified by the
coefficients with which they are connected.

The terms “logical equation,” “logical function,” &c., will be employed gen-
erally to denote any equation or function involving the symbols x, ¥, &c., which
may present itself either in the expression of a system of premises, or in the train
of symbolical results which intervenes between the premises and the conclusion.
If that function or equation is in a form not immediately interpretable in Logic,
the symbols z, y, &c., must be regarded as quantitative symbols of the species
described in previous chapters (II. 15), (V. 6), as satisfying the law,

z(l—z)=0.

By the problem, then, of the interpretation of any such logical function or
equation, is meant the reduction of it to a form in which, when logical values are
assigned to the symbols x, y, &c., it shall become interpretable, together with
the resulting interpretation. These conventional definitions are in accordance
with the general principles for the conducting of the method of this treatise,
laid down in the previous chapter.

PROPOSITION 1.

2. The constituents of the expansion of any function of the logical symbols
x, y, &c., are interpretable, and represent the several exclusive divisions of the
universe of discourse, formed by the predication and denial in every possible way
of the qualities denoted by the symbols x, y, c.

59
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For greater distinctness of conception, let it be supposed that the function
expanded involves two symbols = and y, with reference to which the expansion
has been effected. We have then the following constituents, viz.:

ry, z(1-y), 1-2)y, 1—2) (1-y).

Of these it is evident, that the first xy represents that class of objects which
at the same time possess both the elementary qualities expressed by x and y,
and that the second x (1 — y) represents the class possessing the property z, but
not the property y. In like manner the third constituent represents the class of
objects which possess the property represented by y, but not that represented
by x; and the fourth constituent (1 — x) (1 — y), represents that class of objects,
the members of which possess neither of the qualities in question.

Thus the constituents in the case just considered represent all the four classes
of objects which can be described by affirmation and denial of the properties
expressed by = and y. Those classes are distinct from each other. No member
of one is a member of another, for each class possesses some property or quality
contrary to a property or quality possessed by any other class. Again, these
classes together make up the universe, for there is no object which may not be
described by the presence or the absence of a proposed quality, and thus each
individual thing in the universe may be referred to some one or other of the four
classes made by the possible combination of the two given classes z and y, and
their contraries.

The remarks which have here been made with reference to the constituents
of f (z,y) are perfectly general in character. The constituents of any expansion
represent classes—those classes are mutually distinct, through the possession of
contrary qualities, and they together make up the universe of discourse.

3. These properties of constituents have their expression in the theorems
demonstrated in the conclusion of the last chapter, and might thence have been
deduced. From the fact that every constituent satisfies the fundamental law of
the individual symbols, it might have been conjectured that each constituent
would represent a class. From the fact that the product of any two constituents
of an expansion vanishes, it might have been concluded that the classes they
represent are mutually exclusive. Lastly, from the fact that the sum of the
constituents of an expansion is unity, it might have been inferred, that the
classes which they represent, together make up the universe.

4. Upon the laws of constituents and the mode of their interpretation above
determined, are founded the analysis and the interpretation of logical equations.
That all such equations admit of interpretation by the theorem of development
has already been stated. I propose here to investigate the forms of possible
solution which thus present themselves in the conclusion of a train of reasoning,
and to show how those forms arise. Although, properly speaking, they are but
manifestations of a single fundamental type or principle of expression, it will
conduce to clearness of apprehension if the minor varieties which they exhibit
are presented separately to the mind.

The forms, which are three in number, are as follows:
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FORM 1.

5. The form we shall first consider arises when any logical equation V =0
is developed, and the result, after resolution into its component equations, is
to be interpreted. The function is supposed to involve the logical symbols z, ¥,
&c., in combinations which are not fractional. Fractional combinations indeed
only arise in the class of problems which will be considered when we come to
speak of the third of the forms of solution above referred to.

ProrosiTioN II.

To interpret the logical equation V = 0.
For simplicity let us suppose that V involves but two symbols,  and y, and
let us represent the development of the given equation by

azy+brx(l—y)+c(l—z)y+d(1l—2a)(1—y)=0; (1)

a, b, ¢, and d being definite numerical constants.

Now, suppose that any coefficient, as a, does not vanish. Then multiplying
each side of the equation by the constituent zy, to which that coefficient is
attached, we have

ary =0,

whence, as a does not vanish,
ry =0,

and this result is quite independent of the nature of the other coefficients of the
expansion. Its interpretation, on assigning to = and y their logical significance,
is “No individuals belonging at once to the class represented by x, and the class
represented by y, exist.”
But if the coefficient a does vanish, the term axy does not appear in the
development (1), and, therefore, the equation zy = 0 cannot thence be deduced.
In like manner, if the coefficient b does not vanish, we have

{E(l—y):O,

which admits of the interpretation, “There are no individuals which at the same
time belong to the class x, and do not belong to the class y.”

Either of the above interpretations may, however, as will subsequently be
shown, be exhibited in a different form.

The sum of the distinct interpretations thus obtained from the several terms
of the expansion whose coefficients do not vanish, will constitute the complete
interpretation of the equation V' = 0. The analysis is essentially independent of
the number of logical symbols involved in the function V', and the object of the
proposition will, therefore, in all instances, be attained by the following Rule: —

RULE.—Dewvelop the function V', and equate to 0 every constituent whose
coefficient does not vanish. The interpretation of these results collectively will
constitute the interpretation of the given equation.
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6. Let us take as an example the definition of “clean beasts,” laid down in
the Jewish law, viz., “Clean beasts are those which both divide the hoof and
chew the cud,” and let us assume

x = clean beasts;

y = beasts dividing the hoof; Then the given proposition will be repre-

z = beasts chewing the cud,
sented by the equation

T =yz

which we shall reduce to the form
x—yz =0,

and seek that form of interpretation to which the present method leads. Fully
developing the first member, we have

Ozyz+ay(l—2)+z(l—y)z+ax(1l—-y)(1-2)
—1-2)yz+ 01 -2)y(1—-2)+0(1—2)1—-y)2+0(1—2) (1 —y) (1 —2).

Whence the terms, whose coefficients do not vanish, give
2y(1l—2)=0, 22(1—-y)=0,z2(l—y)(1—2)=0, (1 —x)yz=0.

These equations express a denial of the existence of certain classes of objects,
viz.:

1st. Of beasts which are clean, and divide the hoof, but do not chew the
cud.

2nd. Of beasts which are clean, and chew the cud, but do not divide the
hoof.

3rd. Of beasts which are clean, and neither divide the hoof nor chew the
cud.

4th. Of beasts which divide the hoof, and chew the cud, and are not clean.

Now all these several denials are really involved in the original proposition.
And conversely, if these denials be granted, the original proposition will follow as
a necessary consequence. They are, in fact, the separate elements of that propo-
sition. Every primary proposition can thus be resolved into a series of denials
of the existence of certain defined classes of things, and may, from that system
of denials, be itself reconstructed. It might here be asked, how it is possible
to make an assertive proposition out of a series of denials or negations? From
what source is the positive element derived? I answer, that the mind assumes
the existence of a universe not a priori as a fact independent of experience,
but either a posteriori as a deduction from experience, or hypothetically as a
foundation of the possibility of assertive reasoning. Thus from the Proposition,
“There are no men who are not fallible,” which is a negation or denial of the
existence of “infallible men,” it may be inferred either hypothetically, “All men
(if men exist) are fallible,” or absolutely, (experience having assured us of the
existence of the race), “All men are fallible.”

The form in which conclusions are exhibited by the method of this Proposi-
tion may be termed the form of “Single or Conjoint Denial.”
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FORM II.

7. As the previous form was derived from the development and interpre-
tation of an equation whose second member is 0, the present form, which is
supplementary to it, will be derived from the development and interpretation
of an equation whose second member is 1. It is, however, readily suggested by
the analysis of the previous Proposition.

Thus in the example last discussed we deduced from the equation

rz—yz=20
the conjoint denial of the existence of the classes represented by the constituents

wy(l—-2), zz(l-y), z(l-yA-2), (1-z)yz

whose coefficients were not equal to 0. It follows hence that the remaining
constituents represent classes which make up the universe. Hence we shall have

zyz+(1—-2)y(l—-2)+(1-2)1—-y)z+(1—-2)1—-y)(1—2) =1.

This is equivalent to the affirmation that all existing things belong to some one
or other of the following classes, viz.:

1st. Clean beasts both dividing the hoof and chewing the cud.

2nd. Unclean beasts dividing the hoof, but not chewing the cud.

3rd. Unclean beasts chewing the cud, but not dividing the hoof.

4th. Things which are neither clean beasts, nor chewers of the cud, nor
dividers of the hoof.

This form of conclusion may be termed the form of “Single or Disjunctive
Affirmation,”—single when but one constituent appears in the final equation;
disjunctive when, as above, more constituents than one are there found.

Any equation, V' = 0, wherein V satisfies the law of duality, may also be
made to yield this form of interpretation by reducing it to the form 1 —V =1,
and developing the first member. The case, however, is really included in the
next general form. Both the previous forms are of slight importance compared
with the following one.

FORM III.

8. In the two preceding cases the functions to be developed were equated to
0 and to 1 respectively. In the present case I shall suppose the corresponding
function equated to any logical symbol w. We are then to endeavour to interpret
the equation V' = w, V being a function of the logical symbols x, y, z, &c. In
the first place, however, I deem it necessary to show how the equation V = w,
or, as it will usually present itself, w = V| arises.

Let us resume the definition of “clean beasts,” employed in the previous
examples, viz., “Clean beasts are those which both divide the hoof and chew
the cud,” and suppose it required to determine the relation in which “beasts
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chewing the cud” stand to “clean beasts” and “beasts dividing the hoof.” The
equation expressing the given proposition is

T =yz,

and our object will be accomplished if we can determine z as an interpretable
function of x and y.

Now treating z, y, z as symbols of quantity subject to a peculiar law, we
may deduce from the above equation, by solution,

z=—.
Y
But this equation is not at present in an interpretable form. If we can reduce
it to such a form it will furnish the relation required.
On developing the second member of the above equation, we have

z:xy-i-%x(l—y)+0(1—x)y+%(1—x)(1—y),

and it will be shown hereafter (Prop. 3) that this admits of the following
interpretation:

“Beasts which chew the cud consist of all clean beasts (which also divide
the hoof), together with an indefinite remainder (some, none, or all) of unclean
beasts which do not divide the hoof.”

9. Now the above is a particular example of a problem of the utmost gen-
erality in Logic, and which may thus be stated:—“Given any logical equation
connecting the symbols z, vy, z, w, required an interpretable expression for the
relation of the class represented by w to the classes represented by the other
symbols z, y, z, &c.”

The solution of this problem consists in all cases in determining, from the
equation given, the expression of the above symbol w, in terms of the other
symbols, and rendering that expression interpretable by development. Now the
equation given is always of the first degree with respect to each of the symbols
involved. The required expression for w can therefore always be found. In fact,
if we develop the given equation, whatever its form may be with respect to w,
we obtain an equation of the form

Ew+ FE' (1 -w) =0, (1)
E and E’ being functions of the remaining symbols. From the above we have
E' =(F' - E)w.
Therefore B
we 2)

and expanding the second member by the rule of development, it will only
remain to interpret the result in logic by the next proposition.
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If the fraction % has common factors in its numerator and denominator,
we are not permitted to reject them, unless they are mere numerical constants.
For the symbols z, y, &c., regarded as quantitative, may admit of such values 0
and 1 as to cause the common factors to become equal to 0, in which case the
algebraic rule of reduction fails. This is the case contemplated in our remarks on
the failure of the algebraic axiom of division (II. 14). To ezpress the solution in
the form (2), and without attempting to perform any unauthorized reductions,
to interpret the result by the theorem of development, is a course strictly in
accordance with the general principles of this treatise.

If the relation of the class expressed by 1 —w to the other classes, z, y, &c.
is required, we deduce from (1), in like manner as above,

to the interpretation of which also the method of the following Proposition is
applicable:

ProrosiTIiON III.

10. To determine the interpretation of any logical equation of the form w =
V', in which w is a class symbol, and V' a function of other class symbols quite
unlimited in its form.

Let the second member of the above equation be fully expanded. Each
coefficient of the result will belong to some one of the four classes, which, with
their respective interpretations, we proceed to discuss.

1st. Let the coefficient be 1. As this is the symbol of the universe, and
as the product of any two class symbols represents those individuals which are
found in both classes, any constituent which has unity for its coefficient must
be interpreted without limitation, i.e. the whole of the class which it represents
is implied.

2nd. Let the coefficient be 0. As in Logic, equally with Arithmetic, this is
the symbol of Nothing, no part of the class represented by the constituent to
which it is prefixed must be taken.

3rd. Let the coefficient be of the form %. Now, as in Arithmetic, the symbol
% represents an indefinite number, except when otherwise determined by some
special circumstance, analogy would suggest that in the system of this work the
same symbol should represent an indefinite class. That this is its true meaning
will be made clear from the following example:

Let us take the Proposition, “Men not mortal do not exist;” represent this
Proposition by symbols; and seek, in obedience to the laws to which those
symbols have been proved to be subject, a reverse definition of “mortal beings,”
in terms of “men.”

Now if we represent “men” by y, and “mortal beings” by x, the Proposition,
“Men who are not mortals do not exist,” will be expressed by the equation
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from which we are to seek the value of . Now the above equation gives
y—yxr =0, or yr =y.

Were this an ordinary algebraic equation, we should, in the next place, divide
both sides of it by y. But it has been remarked in Chap. 11. that the opera-
tion of division cannot be performed with the symbols with which we are now
engaged. Our resource, then, is to ezpress the operation, and develop the result
by the method of the preceding chapter. We have, then, first,

_y
= —,

Y

and, expanding the second member as directed,

T=y+ g (1-y).

This implies that mortals (x) consist of all men (y), together with such a re-
mainder of beings which are not men (1 — y), as be indicated by the coefficient
%. Now let us inquire what remainder of “not men” is implied by the premiss. It
might happen that the remainder included all the beings who are not men, or it
might include only some of them, and not others, or it might include none, and
any one of these assumptions would be in perfect accordance with our premiss.
In other words, whether those beings which are not men are all, or some, or
none, of them mortal, the truth of the premiss which virtually asserts that all
men are mortal, will be equally unaffected, and therefore the expression % here
indicates that all, some, or none of the class to whose expression it is affixed
must be taken.

Although the above determination of the significance of the symbol % is
founded only upon the examination of a particular case, yet the principle in-
volved in the demonstration is general, and there are no circumstances under
which the symbol can present itself to which the same mode of analysis is in-
applicable. 'We may properly term % an indefinite class symbol, and may, if
convenience should require, replace it by an uncompounded symbol v, subject
to the fundamental law, v(1 — v) = 0.

4th. It may happen that the coefficient of a constituent in an expansion does
not belong to any of the previous cases. To ascertain its true interpretation when
this happens, it will be necessary to premise the following theorem:

11. THEOREM.—If a function V, intended to represent any class or col-
lection of objects, w, be expanded, and if the numerical coefficient, a, of any
constituent in its development, do not satisfy the law.

a(l—a)=0,

then the constituent in question must be made equal to 0.
To prove the theorem generally, let us represent the expansion given, under
the form
w = a1ty + asts + agts + &c., (1)
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in which ¢y, to, t3, &c. represent the constituents, and ay, as, a3, &c. the
coefficients; let us also suppose that a; and as do not satisfy the law

a1(1—a1) =0, ax(l—az)=0;

but that the other coefficients are subject to the law in question, so that we
have

as? = ag, &c.

Now multiply each side of the equation (1) by itself. The result will be
w = ay’ty + ax’ts + &e. 2)

This is evident from the fact that it must represent the development of the
equation
w=V?2,

but it may also be proved by actually squaring (1), and observing that we have
b2 =t1, to? =to, tita =0, &c.
by the properties of constituents. Now subtracting (2) from (1), we have
(a1 — a12) t1 + (a2 — a22) to = 0.

Or,
a1 (1 —ay)ty +as (1 —az)ty =0.

Multiply the last equation by ¢1; then since t1to = 0, we have
a1 (1 —ay1)t; =0, whence to = 0.

In like manner multiplying the same equation by t5, we have
as (1 — az) ta =0, whence t3 = 0.

Thus it may be shown generally that any constituent whose coefficient is
not subject to the same fundamental law as the symbols themselves must be
separately equated to 0. The usual form under which such coefficients occur
is %. This is the algebraic symbol of infinity. Now the nearer any number
approaches to infinity (allowing such an expression), the more does it depart
from the condition of satisfying the fundamental law above referred to.

The symbol %, whose interpretation was previously discussed, does not nec-
essarily disobey the law we are here considering, for it admits of the numerical
values 0 and 1 indifferently. Its actual interpretation, however, as an indefinite
class symbol, cannot, I conceive, except upon the ground of analogy, be deduced
from its arithmetical properties, but must be established experimentally.

12. We may now collect the results to which we have been led, into the

following summary:



CHAPTER VI. OF INTERPRETATION 68

1st. The symbol 1, as the coefficient of a term in a development, indicates
that the whole of the class which that constituent represents, is to be taken.

2nd. The coefficient 0 indicates that none of the class are to be taken.

3rd. The symbol % indicates that a perfectly indefinite portion of the class,
i.e. some, none, or all of its members are to be taken.

4th. Any other symbol as a coefficient indicates that the constituent to
which it is prefixed must be equated to O.

It follows hence that if the solution of a problem, obtained by development,

be of the form 0 )
w=A+0B+C+ D,

that solution may be resolved into the two following equations, viz.,

w=A+vC, (3)
D=0, (4)

v being an indefinite class symbol. The interpretation of (3) shows what ele-
ments enter, or may enter, into the composition of w, the class of things whose
definition is required; and the interpretation of (4) shows what relations exist
among the elements of the original problem, in perfect independence of w.

Such are the canons of interpretation. It may be added, that they are univer-
sal in their application, and that their use is always unembarrassed by exception
or failure.

13. Corollary—If V be an independently interpretable logical function, it
will satisfy the symbolical law, V(1 — V) = 0.

By an independently interpretable logical function, I mean one which is
interpretable, without presupposing any relation among the things represented
by the symbols which it involves. Thus 2(1 — y) is independently interpretable,
but x — y is not so. The latter function presupposes, as a condition of its
interpretation, that the class represented by y is wholly contained in the class
represented by x; the former function does not imply any such requirement.

Now if V' be independently interpretable, and if w represent the collection
of individuals which it contains, the equation w = V will hold true without
entailing as a consequence the vanishing of any of the constituents in the devel-
opment of V; since such vanishing of constituents would imply relations among
the classes of things denoted by the symbols in V. Hence the development of V'
will be of the form

aity + aste + &c.

the coefficients ay, as, &c. all satisfying the condition
a1(1 —a1) =0,a2(l —az) =0, &e.

Hence by the reasoning of Prop. 4, Chap. v. the function V will be subject
to the law
Vi1-V)=0.
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This result, though evident a priori from the fact that V is supposed to
represent a class or collection of things, is thus seen to follow also from the
properties of the constituents of which it is composed. The condition V(1-V) =
0 may be termed “the condition of interpretability of logical functions.”

14. The general form of solutions, or logical conclusions developed in the
last Proposition, may be designated as a “Relation between terms.” I use, as
before, the word “terms” to denote the parts of a proposition, whether simple
or complex, which are connected by the copula “is” or “are.” The classes of
things represented by the individual symbols may be called the elements of the
proposition.

15. Ex. 1.—Resuming the definition of “clean beasts,” (VI.6), required a
description of “unclean beasts.”

Here, as before, x standing for “ clean beasts,” y for “beasts dividing the
hoof,” z for “beasts chewing the cud,” we have

T =yz; (5)

whence
l—z=1-yz

and developing the second member,

l—z=y(l-2)+2(1-y)+1-y1-2)

which is interpretable into the following Proposition: Unclean beasts are all
which divide the hoof without chewing the cud, all which chew the cud without
dividing the hoof, and all which neither divide the hoof nor chew the cud.
Ex. 2.-The same definition being given, required a description of beasts
which do not divide the hoof.
From the equation x = yz we have
x
y="=
z

)

therefore,
1-y=""5
z

and developing the second member,

1—y:Omz—i—%lac(l—z)—i—(l—x)z—i—g(l—w)(l—z).

s Here, according to the Rule, the term whose coefficients is =L, must be sepa-

0
rately equated to 0, whence we have

l—y=(1-2)z+v(l—-2)(1-=2),
x(1—2)=0;

whereof the first equation gives by interpretation the Proposition: Beasts which
do not divide the hoof consist of all unclean beasts which chew the cud, and an
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indefinite remainder (some, none, or all) of unclean beasts which do not chew
the cud.

The second equation gives the Proposition: There are no clean beasts which
do not chew the cud. This is one of the independent relations above referred to.
We sought the direct relation of “Beasts not dividing the hoof,” to “Clean beasts
and beasts which chew the cud.” It happens, however, that independently of
any relation to beasts not dividing the hoof, there exists, in virtue of the premiss,
a separate relation between clean beasts and beasts which chew the cud. This
relation is also necessarily given by the process.

Ex. 3.-Let us take the following definition, viz.: “Responsible beings are all
rational beings who are either free to act, or have voluntarily sacrificed their
freedom,” and apply to it the preceding analysis.

Let =« stand for responsible beings.
7 rational beings.
those who are free to act,
those who have voluntarily sacrificed their
freedom of action.

Y
z ”
w ki

In the expression of this definition I shall assume, that the two alternatives
which it presents, viz.: “Rational beings free to act,” and “Rational beings
whose freedom of action has been voluntarily sacrificed,” are mutually exclusive,

so that no individuals are found at once in both these divisions. This will permit
us to interpret the proposition literally into the language of symbols, as follows:

x =yz + yw. (6)

Let us first determine hence the relation of “rational beings” to responsible
beings, beings free to act, and beings whose freedom of action has been voluntar-
ily abjured. Perhaps this object will be better stated by saying, that we desire
to express the relation among the elements of the premiss in such a form as will
enable us to determine how far rationality may be inferred from responsibility,
freedom of action, a voluntary sacrifice of freedom, and their contraries.

From (6) we have

(z 4 w)’

and developing the second member, but rejecting terms whose coefficients
are 0,

y:

1 1
y = 5aew +az(l—w)+2z(l—2)w+ 639(1 —2) (1 —w)
0
+o(1-2)(1 - 2)(1 - w),
whence, equating to 0 the terms whose coefficients are % and %, we have

y=zz(1—w)+zw(l—2)+0v(l—2)(1—-2)(1—w); (7)
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xzw = 0; (8)

2(1—2)(1 —w) =0; 9)

whence by interpretation—

DirRecT CONCLUSION.—Rational beings are all responsible beings who are
either free to act, not having voluntarily sacrificed their freedom, or not free
to act, having voluntarily sacrificed their freedom, together with an indefinite
remainder (some, none, or all) of beings not responsible, not free, and not having
voluntarily sacrificed their freedom.

FIRST INDEPENDENT RELATION.—No responsible beings are at the same
time free to act, and in the condition of having voluntarily sacrificed their free-
dom.

SECOND.—No responsible beings are not free to act, and at the same time in
the condition of not having sacrificed their freedom.

The independent relations above determined may, however, be put in another
and more convenient form. Thus (8) gives

0 0
Tw =~ = 0z + 6(1 — z), on development;
or,
zw =v(l — 2); (10)
and in like manner (9) gives
0 0
1-w) = = 1-2);
z(1 —w) T3 = 5% +0(1 - 2);
or,
(1 —w) = vz; (11)

and (10) and (11) interpreted give the following Propositions:

1st. Responsible beings who have voluntarily sacrificed their freedom are not
free.

2nd. Responsible beings who have not voluntarily sacrificed their freedom are
free.

These, however, are merely different forms of the relations before determined.

16. In examining, these results, the reader must bear in mind, that the sole
province of a method of inference or analysis, is to determine those relations
which are necessitated by the connezion of the terms in the original propo-
sition. Accordingly, in estimating the completeness with which this object is
effected, we have nothing whatever to do with those other relations which may
be suggested to our minds by the meaning of the terms employed, as distinct
from their expressed connexion. Thus it seems obvious to remark, that “They
who have voluntarily sacrificed their freedom are not free,” this being a relation
implied in the very meaning of the terms. And hence it might appear, that
the first of the two independent relations assigned by the method is on the one
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hand needlessly limited, and on the other hand superfluous. However, if regard
be had merely to the connexion of the terms in the original premiss, it will be
seen that the relation in question is not liable to either of these charges. The
solution, as expressed in the direct conclusion and the independent relations,
conjointly, is perfectly complete, without being in any way superfluous.

If we wish to take into account the implicit relation above referred to, viz.,
“They who have voluntarily sacrificed their freedom are not free,” we can do so
by making this a distinct proposition, the proper expression of which would be

w=uv(l—2).

This equation we should have to employ together with that expressive of the
original premiss. The mode in which such an examination must be conducted
will appear when we enter upon the theory of systems of propositions in a future
chapter. The sole difference of result to which the analysis leads is, that the
first of the independent relations deduced above is superseded.

17. Ex. 4. — Assuming the same definition as in Example 2, let it be required
to obtain a description of irrational persons.

We have

T

l—y = [—
4 z4+w
Z+w—x

z+w

= %xzw +0zz(1 —w) + 0x(1 — 2)w — %x(l —2z)(1 —w)

l-2)z2w+(1—-2)z(l—w)+(1—-2)1—-2)w+ g(l —z)(1 —2)(1 —w)

= l-z)zw+(1-z)zl-w)+(1—-2)(1—-2w+v(l—2)(1-2)(1—-w)
= (I-2)z+1-2)1-2)w+v(1l—-—2)(1-2)(1-w),

with zzw =0, (1 —2)(1 —w)=0.

The independent relations here given are the same as we before arrived at,
as they evidently ought to be, since whatever relations prevail independently
of the existence of a given class of objects y, prevail independently also of the
existence of the contrary class 1 — y

The direct solution afforded by the first equation is:—Irrational persons con-
sist of all irresponsible beings who are either free to act, or have voluntarily
sacrificed their liberty, and are mot free to act; together with an indefinite re-
mainder of irresponsible beings who have not sacrificed their liberty, and are not
free to act.

18. The propositions analyzed in this chapter have been of that species
called definitions. I have discussed none of which the second or predicate term
is particular, and of which the general typeis Y = vX, Y and X being functions
of the logical symbols z, y, z, &c., and v an indefinite class symbol. The analysis
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of such propositions is greatly facilitated (though the step is not an essential one)
by the elimination of the symbol v, and this process depends upon the method
of the next chapter. I postpone also the consideration of another important
problem necessary to complete the theory of single propositions, but of which
the analysis really depends upon the method of the reduction of systems of
propositions to be developed in a future page of this work.



Chapter VII

ON ELIMINATION.

1. In the examples discussed in the last chapter, all the elements of the original
premiss re-appeared in the conclusion, only in a different order, and with a
different connexion. But it more usually happens in common reasoning, and
especially when we have more than one premiss, that some of the elements
are required not to appear in the conclusion. Such elements, or, as they are
commonly called, “middle terms,” may be considered as introduced into the
original propositions only for the sake of that connexion which they assist to
establish among the other elements, which are alone designed to enter into the
expression of the conclusion.

2. Respecting such intermediate elements, or middle terms, some erroneous
notions prevail. It is a general opinion, to which, however, the examples con-
tained in the last chapter furnish a contradiction, that inference consists pe-
culiarly in the elimination of such terms, and that the elementary type of this
process is exhibited in the elimination of one middle term from two premises, so
as to produce a single resulting conclusion into which that term does not enter.
Hence it is commonly held, that syllogism is the basis, or else the common type,
of all inference, which may thus, however complex its form and structure, be
resolved into a series of syllogisms. The propriety of this view will be considered
in a subsequent chapter. At present I wish to direct attention to an important,
but hitherto unnoticed, point of difference between the system of Logic, as ex-
pressed by symbols, and that of common algebra, with reference to the subject
of elimination. In the algebraic system we are able to eliminate one symbol from
two equations, two symbols from three equations, and generally n — 1 symbols
from n equations. There thus exists a definite connexion between the number of
independent equations given, and the number of symbols of quantity which it is
possible to eliminate from them. But it is otherwise with the system of Logic.
No fixed connexion there prevails between the number of equations given rep-
resenting propositions or premises, and the number of typical symbols of which
the elimination can be effected. From a single equation an indefinite number of
such symbols may be eliminated. On the other hand, from an indefinite number
of equations, a single class symbol only may be eliminated. We may affirm,
that in this peculiar system, the problem of elimination is resolvable under all

74
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circumstances alike. This is a consequence of that remarkable law of duality
to which the symbols of Logic are subject. To the equations furnished by the
premises given, there is added another equation or system of equations drawn
from the fundamental laws of thought itself, and supplying the necessary means
for the solution of the problem in question. Of the many consequences which
flow from the law of duality, this is perhaps the most deserving of attention.

3. As in Algebra it often happens, that the elimination of symbols from a
given system of equations conducts to a mere identity in the form 0 = 0, no
independent relations connecting the symbols which remain; so in the system
of Logic, a like result, admitting of a similar interpretation, may present itself.
Such a circumstance does not detract from the generality of the principle before
stated. The object of the method upon which we are about to enter is to
eliminate any number of symbols from any number of logical equations, and to
exhibit in the result the actual relations which remain. Now it may be, that no
such residual relations exist. In such a case the truth of the method is shown
by its leading us to a merely identical proposition.

4. The notation adopted in the following Propositions is similar to that of
the last chapter. By f(z) is meant any expression involving the logical symbol
x, with or without other logical symbols. By f(1) is meant what f(z) becomes
when z is therein changed into 1; by f(0) what the same function becomes when
x is changed into 0.

PROPOSITION 1.

5. If f(z) = 0 be any logical equation involving the class symbol z, with or
without other class symbols, then will the equation

f)f0)=0

be true, independently of the interpretation of x; and it will be the complete
result of the elimination of z from the above equation.

In other words, the elimination of z from any given equation, f(x) = 0, will
be effected by successively changing in that equation z into 1, and z into 0, and
multiplying the two resulting equations together.

Similarly the complete result of the elimination of any class symbols, x,
y, etc..from any equation of the form V = 0, will be obtained by completely
expanding the first member of that equation in constituents of the given symbols,
and multiplying together all the coefficients of those constituents, and equating
the product to 0.

Developing the first member of the equation f(z) = 0, we have (V. 10),

fMz + f0)(1 —z) = 0;
or, [f(1) = f(0)]z + f(0) = 0. . w =
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Substitute these expressions for  and 1 — z in the fundamental equation

z(1—1x) =0,
and there results
s,
fO) =) 7
or, f(1)f(0) =0, (1)

the form required.

6. It is seen in this process, that the elimination is really effected between
the given equation f(xz) = 0 and the universally true equation x(1 — z) = 0,
expressing the fundamental law of logical symbols, qua logical. There exists,
therefore, no need of more than one premiss or equation, in order to render pos-
sible the elimination of a term, the necessary law of thought virtually supplying
the other premiss or equation. And though the demonstration of this conclusion
may be exhibited in other forms, yet the same element furnished by the mind
itself will still be virtually present. Thus we might proceed as follows:

Multiply (1) by z, and we have

fMz =0, (2)
and let us seek by the forms of ordinary algebra to eliminate = from this equation
and (1).

Now if we have two algebraic equations of the form
ax+b=0,
ar+b =0;

it is well known that the result of the elimination of z is
ab —a'b=0 (3)

But comparing the above pair of equations with (1) and (3) respectively, we
find

as before. In this form of the demonstration, the fundamental equation (1 —
x) = 0, makes its appearance in the derivation of (3) from (1).

7. I shall add yet another form of the demonstration, partaking of a half log-
ical character, and which may set the demonstration of this important theorem
in a clearer light.
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We have as before
Sz + f(0)A —z) =0.
Multiply this equation first by z, and secondly by 1 — x, we get
fMz=0 fO)A-z)=0.

From these we have by solution and development,

f() = % = g(l —x), on development,
0 0
F(0) = 1—z 0"

The direct interpretation of these equations is—

1st. Whatever individuals are included in the class represented by f(1), are
not x’s.

2nd. Whatever individuals are included in the class represented by f(0), are
x’s.

Whence by common logic, there are no individuals at once in the class f(1)

and in the class f(0), i.e. there are no individuals in the class f(1)f(0). Hence,

f(1)f(0)=0. (4)

Or it would suffice to multiply together the developed equations, whence the
result would immediately follow.

8. The theorem (5) furnishes us with the following Rule :

TO ELIMINATE ANY SYMBOL FROM A PROPOSED EQUATION.

RULE.—The terms of the equation having been brought, by transposition if
necessary, to the first side, give to the symbol successively the values 1 and 0,
and multiply the resulting equations together.

The first part of the Proposition is now proved.

9. Consider in the next place the general equation

f(z,y) =0;

the first member of which represents any function of x, y, and other symbols.
By what has been shown, the result of the elimination of y from this equation
will be

[, 1) f(2,0) = 0;
for such is the form to which we are conducted by successively changing in the
given equation y into 1, and y into 0, and multiplying the results together.
Again, if in the result obtained we change successively x into 1, and x into
0, and multiply the results together, we have

F(L,1)£(1,0)£(0,1)(0,0) = 0; (5)
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as the final result of elimination. But the four factors of the first member of this
equation are the four coefficients of the complete expansion of f(x,y), the first
member of the original equation; whence the second part of the Proposition is
manifest.

EXAMPLES.

10. Ex. 1. — Having given the Proposition, “All men are mortal,” and its
symbolical expression, in the equation,

Yy =z,

in which y represents “men,” and x “mortals,” it is required to eliminate the
indefinite class symbol v, and to interpret the result.
Here bringing the terms to the first side, we have

y—ovzr=0.

When v = 1 this becomes
y—x=0;

and when v = 0 it becomes
y=0;

and these two equations multiplied together, give
y—yx =0,

or y(1 —z) =0,
it being observed that y? = y.

The above equation is the required result of elimination, and its interpreta-
tion is, Men who are not mortal do not exist, — an obvious conclusion.

If from the equation last obtained we seek a description of beings who are

not mortal, we have

_y
r= —,

)

Sl—x= 9
Y
Whence, by expansion, 1 —z = %(1 —y), which interpreted gives, They who
are not mortal are not men. This is an example of what in the common logic is
called conversion by contraposition, or negative conversion. !
Ex. 2.-Taking the Proposition, “No men are perfect,” as represented by the
equation
y=v(l-ux),

IWhately’s Logic, Book II. chap. II. sec. 4.
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wherein y represents “men,” and = “perfect beings,” it is required to eliminate
v, and find from the result a description both of perfect beings and of imperfect
beings. We have

y—v(l—x)=0.

Whence, by the rule of elimination,

{y— (-2} xy=0,

or
or
yx = 0;

which is interpreted by the Proposition, Perfect men do mot exist. From the
above equation we have

T = 0 = g(l — y) by development;
Y

whence, by interpretation, No perfect beings are men. Similarly,

0 vy 0
l-z=1 y y+5d—y)
which, on interpretation, gives, Imperfect beings are all men with an indefinite
remainder of beings, which are mot men.

11. It will generally be the most convenient course, in the treatment of
propositions, to eliminate first the indefinite class symbol v, wherever it occurs
in the corresponding equations. This will only modify their form, without im-
pairing their significance. Let us apply this process to one of the examples of
Chap. IV. For the Proposition, “No men are placed in exalted stations and free
from envious regards,” we found the expression

y=v(l —xz),

and for the equivalent Proposition, “Men in exalted stations are not free from
envious regards,” the expression

yz =v(l —2);

and it was observed that these equations, v being an indefinite class symbol,
were themselves equivalent. To prove this, it is only necessary to eliminate from
each the symbol v. The first equation is

y—v(l—1xz)=0,

whence, first making v = 1, and then v = 0, and multiplying the results, we
have
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(y—1+w2)y =0,

or yrz = 0.

Now the second of the given equations becomes on transposition

yr —v(l —z) —0;
whence (x — 1 + z)yx = 0,

or yrz = 0,

as before. The reader will easily interpret the result.

12. Ex. 3.—As a subject for the general method of this chapter, we will
resume Mr. Senior’s definition of wealth, viz.: “Wealth consists of things trans-
ferable, limited in supply, and either productive of pleasure or preventive of
pain.” We shall consider this definition, agreeably to a former remark, as in-
cluding all things which possess at once both the qualities expressed in the last
part of the definition, upon which assumption we have, as our representative
equation,

w=st{pr+p(l—r)+r(l—-p)},
orw = st{p+1r(1—p)},

wherein
w stands for wealth.

s 7 things limited in supply.

t things transferable.

P things productive of pleasure.
r things preventive of pain.

From the above equation we can eliminate any symbols that we do not
desire to take into account, and express the result by solution and development,
according to any proposed arrangement of subject and predicate.

Let us first consider what the expression for w, wealth, would be if the
element 7, referring to prevention of pain, were eliminated. Now bringing the
terms of the equation to the first side, we get

w—st(p+r—rp) =0.

Making r = 1, the first member becomes w— st, and making r = 0 it becomes
w — stp; whence we have by the Rule,

(w— st)(w — stp) =0 (6)

or
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w — wstp — wst + stp = 0; (7)
whence
B stp )
ost+stp—17

the development of the second member of which equation gives

w = stp + gst(l — D). (8)

Whence we have the conclusion,— Wealth consists of all things limited in sup-
ply, transferable, and productive of pleasure, and an indefinite remainder of
things limited in supply, transferable, and not productive of pleasure. This is
sufficiently obvious.

Let it be remarked that it is not necessary to perform the multiplication
indicated in (7), and reduce that equation to the form (8), in order to determine
the expression of w in terms of the other symbols. The process of development
may in all cases be made to supersede that of multiplication. Thus if we develop
(7) in terms of w, we find

(1—=sf)1 —stp)w + stp(l —w) =0,
whence

stp
w= ;
stp — (1 — st)(1 — stp)’

and this equation developed will give, as before,

0
w = stp+ 6st(1 —p).

13. Suppose next that we seek a description of things limited in supply,
as dependent upon their relation to wealth, transferableness, and tendency to
produce pleasure, omitting all reference to the prevention of pain.

From equation (8), which is the result of the elimination of r from the original
equation, we have

w — s (wt + wtp — tp) = 0;
whence
B w
—wt+wtp —tp

:wthrwt(lfp)Jr%w(lft)er%w(lft) (1—p)
+0(1—w)tp+g(1—w)t(1—p)—i—%(l—w)(l—t)p

He—w) (-0 (1-p).
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We will first give the direct interpretation of the above solution, term by term;
afterwards we shall offer some general remarks which it suggests; and, finally,
show how the expression of the conclusion may be somewhat abbreviated.

First, then, the direct interpretation is, Things limited in supply consist of
All wealth transferable and productive of pleasure—all wealth transferable, and not
productive of pleasure,—an indefinite amount of what is not wealth, but is either
transferable, and not productive of pleasure, or intransferable and productive of
pleasure, or neither transferable nor productive of pleasure.

To which the terms whose coefficients are % permit us to add the following
independent relations, viz.:

1st. Wealth that is intransferable, and productive of pleasure, does not exist.

2ndly. Wealth that is intransferable, and not productive of pleasure, does not
exist.

14. Respecting this solution I suppose the following remarks are likely to be
made.

First, it may be said, that in the expression above obtained for “things
limited in supply,” the term “All wealth transferable,” &c., is in part redundant;
since all wealth is (as implied in the original proposition, and directly asserted
in the independent relations) necessarily transferable.

T answer, that although in ordinary speech we should not deem it necessary to
add to “wealth” the epithet “transferable,” if another part of our reasoning had
led us to express the conclusion, that there is no wealth which is not transferable,
yet it pertains to the perfection of this method that it in all cases fully defines the
objects represented by each term of the conclusion, by stating the relation they
bear to each quality or element of distinction that we have chosen to employ.
This is necessary in order to keep the different parts of the solution really distinct
and independent, and actually prevents redundancy. Suppose that the pair of
terms we have been considering had not contained the word “transferable,”
and had unitedly been “All wealth,” we could then logically resolve the single
term “All wealth” into the two terms “All wealth transferable,” and “All wealth
intransferable.” But the latter term is shown to disappear by the “independent
relations.” Hence it forms no part of the description required, and is therefore
redundant. The remaining term agrees with the conclusion actually obtained.

Solutions in which there cannot, by logical divisions, be produced any super-
fluous or redundant terms, may be termed pure solutions. Such are all the solu-
tions obtained by the method of development and elimination above explained.
It is proper to notice, that if the common algebraic method of elimination were
adopted in the cases in which that method is possible in the present system,
we should not be able to depend upon the purity of the solutions obtained. Its
want of generality would not be its only defect.

15. In the second place, it will be remarked, that the conclusion contains
two terms, the aggregate significance of which would be more conveniently ex-
pressed by a single term. Instead of “All wealth productive of pleasure, and
transferable,” and “All wealth not productive of pleasure, and transferable,” we
might simply say, “All wealth transferable.” This remark is quite just. But it
must be noticed that whenever any such simplifications are possible, they are
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immediately suggested by the form of the equation we have to interpret; and if
that equation be reduced to its simplest form, then the interpretation to which
it conducts will be in its simplest form also. Thus in the original solution the
terms wtp and wt(1—p), which have unity for their coefficient, give, on addition,
wt; the terms w (1 — ¢)p and w (1 — ¢) (1 — p), which have § for their coefficient
give w (1 — t); and the terms (1 — w) (1 —¢)p and (1 — w) (1 —¢) (1 — p), which
have 2 for their coefficient, give (1 —w) (1 — ). Whence the complete solution
is

0 0
s:wt+6(1—w)(l—t)+6(1—w)t(1—p),
with the independent relation,

w(l—¢t)=0, orw= gt.

The interpretation would now stand thus:—

1st. Things limited in supply consist of all wealth transferable, with an indef-
inite remainder of what is not wealth and not transferable, and of transferable
articles which are not wealth, and are not productive of pleasure.

2nd. All wealth is transferable.

This is the simplest form under which the general conclusion, with its atten-
dant condition, can be put.

16. When it is required to eliminate two or more symbols from a proposed
equation we can either employ (6) Prop. I., or eliminate them in succession, the
order of the process being indifferent. From the equation

w:st(p—i—r—pr),
we have eliminated r, and found the result,
w — wst — wstp + stp = 0.

Suppose that it had been required to eliminate both r and ¢, then taking the
above as the first step of the process, it remains to eliminate from the last
equation t. Now when ¢ = 1 the first member of that equation becomes

w — WS — wsp + sp,
and when ¢ = 0 the same member becomes w. Whence we have
w(w — ws —wsp + sp) =0,

or
w—ws =0,

for the required result of elimination.
If from the last result we determine w, we have
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0 0

= = —s’

1—-s 0

whence “All wealth is limited in supply.” As p does not enter into the equa-
tion, it is evident that the above is true, irrespectively of any relation which the
elements of the conclusion bear to the quality “productive of pleasure.”

Resuming the original equation, let it be required to eliminate s and t. We
have

w

w = st(p+r —pr).

Instead, however, of separately eliminating s and ¢ according to the Rule, it
will suffice to treat st as a single symbol, seeing that it satisfies the fundamental
law of the symbols by the equation

st(l —st) =0.

Placing, therefore, the given equation under the form

w = st(p+r—pr)=0;

and making st successively equal to 1 and to 0, and taking the product of
the results, we have

(w—p—r+pr)w=0,

or w— wp —wr +wpr =0,

for the result sought.

As a particular illustration, let it be required to deduce an expression for
“things productive of pleasure” (p), in terms of “wealth” (w), and “things pre-
ventive of pain” (r).

We have, on solving the equation,

0 0 0
= 6wr+w(1 —r)+ 6(1 —w)r+ 6(1 —w)(1—r)

:w(l—r)—i—gwr—i—g(l—w).

Whence the following conclusion:—Things productive of pleasure are, all
wealth not preventive of pain, an indefinite amount of wealth that is preventive
of pain, and an indefinite amount of what is not wealth.

From the same equation we get

1
l—pzl—w r =
w r
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which developed, gives

w(l—p) = 9wr+9(1—w)'r+9(17w) (1—=17)
0 0 0
0 0
= gur + 0(1 w).

Whence, Things not productive of pleasure are either wealth, preventive of
pain, or what is not wealth.

Equally easy would be the discussion of any similar case.

17. In the last example of elimination, we have eliminated the compound
symbol st from the given equation, by treating it as a single symbol. The
same method is applicable to any combination of symbols which satisfies the
fundamental law of individual symbols. Thus the expression p 4+ r — pr will, on
being multiplied by itself, reproduce itself, so that if we represent p + r — pr by
a single symbol as y, we shall have the fundamental law obeyed, the equation

y=y> ory(l—y) =0,

being satisfied. For the rule of elimination for symbols is founded upon the
supposition that each individual symbol is subject to that law; and hence the
elimination of any function or combination of such symbols from an equation,
may be effected by a single operation, whenever that law is satisfied by the
function.

Though the forms of interpretation adopted in this and the previous chapter
show, perhaps better than any others, the direct significance of the symbols 1
and %, modes of expression more agreeable to those of common discourse may,
with equal truth and propriety, be employed. Thus the equation (9) may be
interpreted in the following manner: Wealth is either limited in supply, trans-
ferable, and productive of pleasure, or limited in supply, transferable, and not
productive of pleasure. And reversely, Whatever is limited in supply, transfer-
able, and productive of pleasure, is wealth. Reverse interpretations, similar to
the above, are always furnished when the final development introduces terms
having unity as a coefficient.

18. NOTE.-The fundamental equation f(1)f(0) = 0, expressing the result
of the elimination of the symbol x from any equation f(z) = 0, admits of a
remarkable interpretation.

It is to be remembered, that by the equation f(x) = 0 is implied some
proposition in which the individuals represented by the class x, suppose “men,”
are referred to, together, it may be, with other individuals; and it is our object
to ascertain whether there is implied in the proposition any relation among
the other individuals, independently of those found in the class men. Now
the equation f(1) = 0 expresses what the original proposition would become
if men made up the universe, and the equation f(0) = 0 expresses what that
original proposition would become if men ceased to exist, wherefore the equation
f(1)f(0) = 0 expresses what in virtue of the original proposition would be
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equally true on either assumption, i. e. equally true whether “men” were “all
things” or “nothing.” Wherefore the theorem expresses that what is equally
true, whether a given class of objects embraces the whole universe or disappears
from existence, is independent of that class altogether, and vice versa. Herein we
see another example of the interpretation of formal results, immediately deduced
from the mathematical laws of thought, into general axioms of philosophy.



Chapter VIII

ON THE REDUCTION OF SYSTEMS OF
PROPOSITIONS.

1. In the preceding chapters we have determined sufficiently for the most es-
sential purposes the theory of single primary propositions, or, to speak more
accurately, of primary propositions expressed by a single equation. And we
have established upon that theory an adequate method. We have shown how
any element involved in the given system of equations may be eliminated, and
the relation which connects the remaining elements deduced in any proposed
form, whether of denial, of affirmation, or of the more usual relation of subject
and predicate. It remains that we proceed to the consideration of systems of
propositions, and institute with respect to them a similar series of investiga-
tions. We are to inquire whether it is possible from the equations by which
a system of propositions is expressed to eliminate, ad libitum, any number of
the symbols involved; to deduce by interpretation of the result the whole of the
relations implied among the remaining symbols; and to determine in particu-
lar the expression of any single element, or of any interpretable combination
of elements, in terms of the other elements, so as to present the conclusion in
any admissible form that may be required. These questions will be answered
by showing that it is possible to reduce any system of equations, or any of the
equations involved in a system, to an equivalent single equation, to which the
methods of the previous chapters may be immediately applied. It will be seen
also, that in this reduction is involved an important extension of the theory
of single propositions, which in the previous discussion of the subject we were
compelled to forego. This circumstance is not peculiar in its nature. There are
many special departments of science which cannot be completely surveyed from
within, but require to be studied also from an external point of view, and to be
regarded in connexion with other and kindred subjects, in order that their full
proportions be understood.

This chapter will exhibit two distinct modes of reducing systems of equations
to equivalent single equations. The first of these rests upon the employment of
arbitrary constant multipliers. It is a method sufficiently simple in theory, but it
has the inconvenience of rendering the subsequent processes of elimination and
development, when they occur, somewhat tedious. It was, however, the method
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of reduction first discovered, and partly on this account, and partly on account
of its simplicity, it has been thought proper to retain it. The second method
does not require the introduction of arbitrary constants, and is in nearly all
respects preferable to the preceding one. It will, therefore, generally be adopted
in the subsequent investigations of this work.

2. We proceed to the consideration of the first method.

PROPOSITION 1.

Any system of logical equations may be reduced to a single equivalent equa-
tion, by multiplying each equation after the first by a distinct arbitrary constant
quantity, and adding all the results, including the first equation, together.

By Prop. 2, Chap, V1., the interpretation of any single equation, f(z,y..) =0
is obtained by equating to 0 those constituents of the development of the first
member, whose coefficients do not vanish. And hence, if there be given two
equations, f(z,y..) =0, and F(z,y..) = 0, their united import will be contained
in the system of results formed by equating to 0 all those constituents which
thus present themselves in both, or in either, of the given equations developed
according to the Rule of Chap. VI. Thus let it be supposed, that we have the
two equations

zy — 2z =0, (1)

z—y=0; (2)
The development of the first gives

—zy —2zx(1 —y) =0;
whence, zy = 0,2(1 —y) = 0. (3)

The development of the second equation gives
(l—y)—y(l—z)=0;

whence, (1 —y) =0,y(1 —z) =0. (4)

The constituents whose coefficients do not vanish in both developments are xy,
z(1 —y), and (1 — x)y, and these would together give the system

vy =0,2(1-y)=0,(—x)y = 0; (5)

which is equivalent to the two systems given by the developments separately,
seeing that in those systems the equation z(1 — y) = 0 is repeated. Confining
ourselves to the case of binary systems of equations, it remains then to determine
a single equation, which on development shall yield the same constituents with
coefficients which do not vanish, as the given equations produce. Now if we
represent by

V1 =0,V =0,



CHAPTER VIII. OF REDUCTION 89

the given equations, V7, and V5, being functions of the logical symbols z,y, 2,
&c.; then the single equation

Vi+cVo =0, (6)

¢ being an arbitrary constant quantity, will accomplish the required object. For
let At represent any term in the full development V', wherein ¢ is a constituent
and A its numerical coefficient, and let Bt represent the corresponding term in
the full development of V5, then will the corresponding term in the development
of (6) be

(A+cB)t.

The coefficient of ¢ vanishes if A and B both vanish, but not otherwise. For if
we assume that A and B do not both vanish, and at the same time make

A+cB =0, (7)

the following cases alone can present themselves.
1st. That A vanishes and B does not vanish. In this case the above equation
becomes
cB =0,

and requires that ¢ = 0. But this contradicts the hypothesis that ¢ is an
arbitrary constant.
2nd. That B vanishes and A does not vanish. This assumption reduces (7)
to
A=0,

by which the assumption is itself violated.
3rd. That neither A nor B vanishes. The equation (7) then gives

—A
c=—
B
which is a definite value, and, therefore, conflicts with the hypothesis that c is

arbitrary.

Hence the coefficient A + ¢B vanishes when A and B both vanish, but not
otherwise. Therefore, the same constituents will appear in the development of
(6), with coefficients which do not vanish, as in the equations V; = 0,V2 = 0,
singly or together. And the equation Vi + ¢V, = 0, will be equivalent to the
system V3 =0, V5 = 0.

By similar reasoning it appears, that the general system of equations

Vi=0,V2=0,V3 =0, &c.;
may be replaced by the single equation
Vi+cVo+c Va4 &c. =0,

¢, c, &c., being arbitrary constants. The equation thus formed may be treated
in all respects as the ordinary logical equations of the previous chapters. The
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arbitrary constants ci, ce, &c., are not logical symbols. They do not satisfy the

law,
Cl(l — Cl) = 0,62(1 — 02) =0.

But their introduction is justified by that general principle which has been stated
in (II. 15) and (V. 6), and exemplified in nearly all our subsequent investigations,
viz., that equations involving the symbols of Logic may be treated in all respects
as if those symbols were symbols of quantity, subject to the special law z(1—xz) =
0, until in the final stage of solution they assume a form interpretable in that
system of thought with which Logic is conversant.

3. The following example will serve to illustrate the above method.

Ex. 1.-Suppose that an analysis of the properties of a particular class of
substances has led to the following general conclusions, viz.:

1st. That wherever the properties A and B are combined, either the property
C, or the property D, is present also; but they are not jointly present.

2nd. That wherever the properties B and C are combined, the properties A
and D are either both present with them, or both absent.

3rd. That wherever the properties A and B are both absent, the properties
C and D are both absent also; and vice versa, where the properties C' and D
are both absent, A and B are both absent also.

Let it then be required from the above to determine what may be concluded
in any particular instance from the presence of the property A with respect to
the presence or absence of the properties B and C, paying no regard to the
property D.

Represent  the property A by z;

? the property B by y;

the property C by z;

the property D by w.
Then the symbolical expression of the premises will be

b

9

zy—v(w(l=z)+z(1-w));yz = v(zwt+(1-z)(1-w)); (1-z)(1-y) = (1-2)(1-w).

From the first two of these equations, separately eliminating the indefinite
class symbol v, we have

zy(l —w(l —2) — z(1 —w)) = 0;
yz(1—a2zw—(1-—2)(1—w))=0

Now if we observe that by development
l—w(l—2)—z(1—w)=wz+ (1 —w)(1l —2),
and
l—zw—(1-2)(1-w)=z(1—-w)+w(l—x),

and in these expressions replace, for simplicity,
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1 —zbyz, 1 — ybyy, &c.,
we shall have from the three last equations,

ry(wz +wz) = 0; (1)

Il
L
©

and from this system we must eliminate w.
Multiplying the second of the above equations by ¢, and the third by ¢/, and
adding the results to the first, we have
zy(wz + wz) + cyz(zw + Tw) + (Y — wz) = 0.
When w is made equal to 1, and therefore w to 0, the first member of the
above equation becomes
xyz + cTyz + c'zy.

And when in the same member w is made 0 and w = 1, it becomes

xyZ + cxyz + Ty — 'z

Hence the result of the elimination of w may be expressed in the form

(ryz + cTyz + 7Y (vyz + cayz + Ty — '2) = 0; (4)

and from this equation z is to be determined.

Were we now to proceed as in former instances, we should multiply together
the factors in the first member of the above equation ; but it may be well to
show that such a course is not at all necessary. Let us develop the first member
of (4) with reference to x, the symbol whose expression is sought, we find

yz(yz + cyz — dz2)z + (eyz + )y — 2) (1 —z) = 0;
or, cyzzx + (cyz + y)(dy— 2)(1 —z) = 0;
whence we find,

(cyz + (T2
(cyz + Py — 7) —cyz

and developing the second member with respect to y and z,

B 0 _ 2 0 __
z = 0yz + 6yz + Yz + 6yz,
or,

r=(=y)atgy(l=2)+ 5 (1-9)(1-2);
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or,
0
x:(l—y)z—i—a(l—z);

the interpretation of which is, Wherever the property A is present, there either
C is present and B absent, or C is absent. And inversely, Wherever the property
C is present, and the property B absent, there the property A is present.
These results may be much more readily obtained by the method next to
be explained. It is, however, satisfactory to possess different modes, serving for
mutual verification, of arriving at the same conclusion.
4. We proceed to the second method.

ProrosiTiON II.

If any equations, V1, = 0, Vo = 0, &c., are such that the developments of
their first members consist only of constituents with positive coefficients, those
equations may be combined together into a single equivalent equation by addition.

For, as before, let At represent any term in the development of the function
V1, Bt the corresponding term in the development of V5 and so on. Then will
the corresponding term in the development of the equation

Vi 4+ Vo + &c. =0, (1)
formed by the addition of the several given equations, be
(A+ B + &c.)t.

But as by hypothesis the coefficients A, B, &c. are none of them negative,
the aggregate coefficient A + B, &c. in the derived equation will only vanish
when the separate coefficients A, B, &c. vanish together. Hence the same
constituents will appear in the development of the equation (1) as in the several
equations Vi = 0, Vo = 0, &c. of the original system taken collectively, and
therefore the interpretation of the equation (1) will be equivalent to the collective
interpretations of the several equations from which it is derived.

ProrposiTionN III.

5. If Vi = 0,V, = 0, &c. represent any system of equations, the terms of
which have by transposition been brought to like first side, then the combined
interpretation of the system will be involved in the single equation,

VE+ Vi +&e. =0,

formed by adding together the squares of the given equations.
For let any equation of the system, as V3 = 0, produce on development an
equation

aity + agts + &e. =0
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in which ¢q,ts, &c. are constituents, and a1, as, &c. their corresponding co-
efficients. Then the equation V;? = 0 will produce on development an equation

a%tl + a%tg + &c. =0,
as may be proved either from the law of the development or by squaring the
function aqt; + asts, &c. in subjection to the conditions
ti=t1, t3 =to,, t1ta =0

assigned in Prop. 3, Chap. v. Hence the constituents which appear in
the expansion of the equation V{2 = 0, are the same with those which appear
in the expansion of the equation Vi = 0, and they have positive coefficients.
And the same remark applies to the equations Vo = 0, &c. Whence, by the last
Proposition, the equation

V12 + V22 + &C. =5 0

will be equivalent in interpretation to the system of equations

Vi=0, V=0, &c.

Corollary—Any equation, V = 0, of which the first member already satisfies
the condition

Vi=V,or V(1-V) =0,

does not need (as it would remain unaffected by) the process of squar-
ing. Such equations are, indeed, immediately developable into a series of con-
stituents, with coefficients equal to 1, Chap. v. Prop. 4.

PROPOSITION IV.

6. Whenever the equations of a system have by the above process of squaring,
or by any other process, been reduced to a form such that all the constituents
ezhibited in their development have positive coefficients, any derived equations
obtained by elimination will possess the same character, and may be combined
with the other equations by addition.

Suppose that we have to eliminate a symbol z from any equation V = 0,
which is such that none of the constituents, in the full development of its first
member, have negative coefficients. That expansion may be written in the form

Via+Vo(l—2)=0
V1 and Vj being each of the form

aity + asta... + anty,
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in which t¢1¢s...t,, are constituents of the other symbols, and aias...a,, in each
case positive or vanishing quantities. The result of elimination is

ViVa = 0;

and as the coefficients in V3 and V3, are none of them negative, there can be no
negative coefficients in the product V1 Vs. Hence the equation V1V, = 0 may be
added to any other equation, the coefficients of whose constituents are positive,
and the resulting equation will combine the full significance of those from which
it was obtained.

PROPOSITION V.

7. To deduce from the previous Propositions a practical rule or method for
the reduction of systems of equations expressing propositions in Logic.

We have by the previous investigations established the following points, viz.:

1st. That any equations which are of the form V = 0, V satisfying the
fundamental law of duality V(1 — V') = 0, may be combined together by simple
addition.

2ndly. That any other equations of the form V = 0 may be reduced, by the
process of squaring, to a form in which the same principle of combination by
mere addition is applicable.

It remains then only to determine what equations in the actual expression
of propositions belong to the former, and what to the latter, class.

Now the general types of propositions have been set forth in the conclusion
of Chap. IV. The division of propositions which they represent is as follows:

1st. Propositions, of which the subject is universal, and the predicate par-
ticular.

The symbolical type (IV. 15) is

X =Y,
X and Y satisfying the law of duality. Eliminating v, we have
X(1-Y)=0, (1)

and this will be found also to satisfy the same law. No further reduction by
the process of squaring is needed.

2nd. Propositions of which both terms are universal, and of which the sym-
bolical type is

X =Y,

X and Y separately satisfying the law of duality. Writing the equation in
the form X — Y = 0, and squaring, we have

X —2XY 4+Y =0,
or, X(1-Y)+Y(1 - X)=0. 2)
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The first member of this equation satisfies the law of duality, as is evident
from its very form.
We may arrive at the same equation in a different manner. The equation

X=Y

is equivalent to the two equations

X =vY,Y =0vX,

(for to affirm that X’s are identical with Y’s is to affirm both that All X’s
are Y’s, and that All Y’s are X’s). Now these equations give, on elimination of
v’

X1-Y)=0,Y(1-X)=0,

which added, produce (2).
3rd. Propositions of which both terms are particular. The form of such
propositions is
vX =Y,

but v is not quite arbitrary, and therefore must not be eliminated. For v is the
representative of some, which, though it may include in its meaning all, does
not include none. We must therefore transpose the second member to the first
side, and square the resulting equation according to the rule. The result will

obviously be
vX(1-Y)4+0Y(-X)=0.

The above conclusions it may be convenient to embody in a Rule, which will
serve for constant future direction.

8. RULE.— The equations being so expressed as that the terms X and Y in
the following typical forms obey the law of duality, change the equations

X =0vY into X(1-Y) =0,

X =Y into X(1-Y)+Y(1-X)=0.
vX =0vY intovX(1-Y)+0Y(1—-X)=0.

Any equation which is given in the form X = 0 will not need transformation,
and any equation which presents itself in the form X = 1 may be replaced by
1— X =0, as appears from the second of the above transformations.

When the equations of the system have thus been reduced, any of them, as
well as any equations derived from them by the process of elimination, may be
combined by addition.

9. NOTE.—It has been seen in Chapter IV. that in literally translating the
terms of a proposition, without attending to its real meaning, into the language
of symbols, we may produce equations in which the terms X and Y do not
obey the law of duality. The equation w = st(p+ 1), given in (3) Prop. 3 of the
chapter referred to, is of this kind. Such equations, however, as it has been seen,
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have a meaning. Should it, for curiosity, or for any other motive, be determined
to employ them, it will be best to reduce them by the Rule (VI. 5).

10. Ex. 2.-Let us take the following Propositions of Elementary Geometry:

1st. Similar figures consist of all whose corresponding angles are equal, and
whose corresponding sides are proportional.

2nd. Triangles whose corresponding angles are equal have their correspond-
ing sides proportional, and wvice versa.

To represent these premises, let us make

s = similar.
t = triangles.
g = having corresponding angles equal.
r = having corresponding sides proportional.
Then the premises are expressed by the following equations:
s = qr (1)
tq = tr (2)

Reducing by the Rule, or, which amounts to the same thing, bringing the terms
of these equations to the first side, squaring each equation, and then adding, we
have

s+ qr —2qrs +tq + tr — 2tqr = 0. (3)

Let it be required to deduce a description of dissimilar figures formed out of the
elements expressed by the terms, triangles, having corresponding angles equal,
having corresponding sides proportional.

We have from (3),

_tq+qr+rt—2iqr

5= 2qr — 1
qr —tq —rt + 2tqr — 1
2qr — 1 '

)

S l=s=

And fully developing the second member, we find

1—s=0tgr+2tg(1 —r)+2tr(1—¢q) +t(1 —q)(L — 1)
+0(1—t)gr+ (1 —t)gl —7)+ (1 —t)r(1 —q)

+A =) —g)(1 —7). (5)

In the above development two of the terms have the coefficient 2, these must

be equated to 0 by the Rule, then those terms whose coefficients are 0 being
rejected, we have

l-s=tl—-q)1-r+1-t)gl—7r)+ 1 —1t)r(1 —q)
(1 -1 = (1= 1)

tq(l1—r) =0;

tr(l1 —q) = 0;

—~ o~
x 3 D
=z =
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the direct interpretation of which is

1st. Dissimilar figures consist of all triangles which have not their corre-
sponding angles equal and sides proportional, and of all figures not being trian-
gles which have either their angles equal, and sides not proportional, or their
corresponding sides proportional, and angles not equal, or neither their corre-
sponding angles equal nor corresponding sides proportional.

2nd. There are no triangles whose corresponding angles are equal. and sides
not proportional.

3rd. There are no triangles whose corresponding sides are proportional and
angles not equal.

11. Such are the immediate interpretations of the final equation. It is seen, in
accordance with the general theory, that in deducing a description of a particular
class of objects, viz., dissimilar figures, in terms of certain other elements of the
original premises, we obtain also the independent relations which exist among
those elements in virtue of the same premises. And that this is not superfluous
information, even as respects the immediate object of inquiry, may easily be
shown. For example, the independent relations may always be made use of
to reduce, if it be thought desirable, to a briefer form, the expression of that
relation which is directly sought. Thus if we write (7) in the form

0=tq(l—r),
and add it to (6), we get, since

tl—q)(1—r)+tqg(l —7)=t(1—7r),
l—s=t(l—-r)+(1—-t)gl—7)+ (1 —t)r(1 —q)
+A =11 =g —r),

which, on interpretation, would give for the first term of the description of
dissimilar figures, “Triangles whose corresponding sides are not proportional,”
instead of the fuller description originally obtained. A regard to convenience
must always determine the propriety of such reduction.

12. A reduction which is always advantageous (VII. 15) consists in collecting
the terms of the immediate description sought, as of the second member of (5)
or (6), into as few groups as possible. Thus the third and fourth terms of the
second member of (6) produce by addition the single term (1 —¢)(1 —¢). If this
reduction be combined with the last, we have

l—s=tl-r)+(1-t)g(l—7)+ (L —=¢)(1—q),

the interpretation of which is

Dissimilar figures consist of all triangles whose corresponding sides are not
proportional, and all figures not being triangles which have either their cor-
responding angles unequal, or their corresponding angles equal, but sides not
proportional.

The fulness of the general solution is therefore not a superfluity. While it
gives us all the information that we seek, it provides us also with the means of
expressing that information in the mode that is most advantageous.
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13. Another observation, illustrative of a principle which has already been
stated, remains to be made. Two of the terms in the full development of 1 — s in
(5) have 2 for their coefficients, instead of §. It will hereafter be shown that this
circumstance indicates that the two premises were not independent. To verify
this, let us resume the equations of the premises in their reduced forms, viz.,

s(1—gqr)4+gqr(1—s) =0,
tql—r)+tr(l—q) =0

Now if the first members of these equations have any common constituents, they
will appear on multiplying the equations together. If we do this we obtain

stq(1 —r) + str(l — q) = 0.
Whence there will result
stg(1—71) =0, str(l —q) =0,

these being equations which are deducible from either of the primitive ones.
Their interpretations are—

Similar triangles which have their corresponding angles equal have their cor-
responding sides proportional.

Similar triangles which have their corresponding sides proportional have their
corresponding angles equal.

And these conclusions are equally deducible from either premiss singly. In
this respect, according to the definitions laid down, the premises are not inde-
pendent.

14. Let us, in conclusion, resume the problem discussed in illustration of the
first method of this chapter, and endeavour to ascertain, by the present method,
what may be concluded from the presence of the property C, with reference to
the properties A and B.

We found on eliminating the symbols v the following equations, viz.:

zy(wz + wz) = 0, (1)
yz(zw + Tw) = 0, (2)
Ty = W3, (3)

From these we are to eliminate w and determine z. Now (1) and (2) already
satisfy the condition V(I — V) = 0. The third equation gives, on bringing the
terms to the first side, and squaring

(1 — wz) + wz(1 — 7) = 0. (4)
Adding (1) (2) and (4) together, we have

xy(wz + wZ) + yz(zw + zw) + zH(1 — wz) + wz(l — zy) = 0.
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Eliminating w, we get
(xyz + yzz + zy){zyz + yza + zyz + Z(l — zg)} = 0.

Now, on multiplying the terms in the second factor by those in the first succes-
sively, observing that
zx=0,yy =0, 22 =0,

nearly all disappear, and we have only left

xyz + 2yz = 0; (5)
whence
_ 0
o Ty + TY

0 _0_ _
= Ozy + 6;vy+ 6:Cy+0xy

0 0

= 0%+ 5Ty,
furnishing the interpretation. Wherever the property C is found, either the
property A or the property B will be found with it, but not both of them together.

From the equation (5) we may readily deduce the result arrived at in the

previous investigation by the method of arbitrary constant multipliers, as well
as any other proposed forms of the relation between z, y, and z; e. g. If the
property B is absent, either A and C' will be jointly present, or C' will be absent.
And conversely, If A and C' are jointly present, B will be absent. The converse
part of this conclusion is founded on the presence of a term zz with unity for
its coefficient in the developed value of .



Chapter IX

ON CERTAIN METHODS OF ABBREVIATION.

1. Though the three fundamental methods of development, elimination, and
reduction, established and illustrated in the previous chapters, are sufficient for
all the practical ends of Logic, yet there are certain cases in which they admit,
and especially the method of elimination, of being simplified in an important
degree; and to these I wish to direct attention in the present chapter. I shall
first demonstrate some propositions in which the principles of the above methods
of abbreviation are contained, and I shall afterwards apply them to particular
examples.

Let us designate as class terms any terms which satisfy the fundamental law
V(1-V) = 0. Such terms will individually be constituents; but, when occurring
together, will not, as do the terms of a development, necessarily involve the
same symbols in each. Thus ax + bxry + cyz may be described as an expression
consisting of three class terms, x, zy, and yz, multiplied by the coeflicients a,
b, ¢ respectively. The principle applied in the two following Propositions, and
which, in some instances, greatly abbreviates the process of elimination, is that
of the rejection of superfluous class terms; those being regarded as superfluous
which do not add to the constituents of the final result.

PROPOSITION 1.

2. From any equation, V = 0, in which V' consists of a series of class terms
having positive coefficients, we are permitted to reject any term which contains
another term as a factor, and to change every positive coefficient to unity.

For the significance of this series of positive terms depends only upon the
number and nature of the constituents of its final expansion, i.e. of its expansion
with reference to all the symbols which it involves, and not at all upon the actual
values of the coefficients (VI. 5). Now let & be any term of the series, and zy
any other term having x as a factor. The expansion of x with reference to the
symbols z and y will be

ry+x(l-y),

and the expansion of the sum of the terms x and xy will be
2ey +x(1—vy).

100
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But by what has been said, these expressions occurring in the first member
of an equation, of which the second member is 0, and of which all the coefficients
of the first member are positive, are equivalent; since there must exist simply
the two constituents zy and x (1 — y) in the final expansion, whence will simply
arise the resulting equations

xy=0,z(1—-y)=0.

And, therefore, the aggregate of terms x + xy may be replaced by the single
term x.

The same reasoning applies to all the cases contemplated in the Proposition.
Thus, if the term z is repeated, the aggregate 2 may be replaced by x, because
under the circumstances the equation z = 0 must appear in the final reduction.

ProrosiTioN II.

3. Whenever in the process of elimination we have to multiply together two
factors, each consisting solely of positive terms, satisfying the fundamental law
of logical symbols, it is permitted to reject from both factors any common term,
or from either factor any term which is divisible by a term in the other factor;
provided always, that the rejected term be added to the product of the resulting
factors.

In the enunciation of this Proposition, the word “divisible” is a term of
convenience, used in the algebraic sense, in which zy and x (1 — y) are said to
be divisible by x.

To render more clear the import of this Proposition, let it be supposed that
the factors to be multiplied together are x +y + z and =z + yw + ¢t. It is then
asserted, that from these two factors We may reject the term x, and that from
the second factor we may reject the term yw, provided that these terms be
transferred to the final product. Thus, the resulting factors being y + 2z and ¢,
if to their product yt + zt we add the terms x and yw, we have

T+ yw + yt + zt,

as an expression equivalent to the product of the given factors z + y + z and
T + yw + t; equivalent namely in the process of elimination.

Let us consider, first, the case in which the two factors have a common term
x, and let us represent the factors by the expressions z + P, x + @, supposing P
in the one case and @ in the other to be the sum of the positive terms additional
to x.

Now,

(x+ P)(x+ Q) =z +zP+2Q+ PQ. (1)

But the process of elimination consists in multiplying certain factors together,
and equating the result to 0. Either then the second member of the above
equation is to be equated to 0, or it is a factor of some expression which is to
be equated to 0.
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If the former alternative be taken, then, by the last Proposition, we are
permitted to reject the terms zP and x(@), inasmuch as they are positive terms
having another term z as a factor. The resulting expression is

r+ PQ,

which is what we should obtain by rejecting x from both factors, and adding it
to the product of the factors which remain.

Taking the second alternative, the only mode in which the second member
of (1) can affect the final result of elimination must depend upon the number
and nature of its constituents, both which elements are unaffected by the rejec-
tion of the terms zP and z(). For that development of x includes all possible
constituents of which z is a factor.

Consider finally the case in which one of the factors contains a term, as zy,
divisible by a term, z, in the other factor.

Let x + P and zy + @ be the factors. Now

(x + P)(zy + Q) = vy + 2Q + zyP + PQ.

But by the reasoning of the last Proposition, the term xyP may be rejected as
containing another positive term zy as a factor, whence we have

zy + 2Q + PQ
=2y + (¢ + P)Q.

But this expresses the rejection of the term xy from the second factor, and its
transference to the final product. Wherefore the Proposition is manifest.

ProposiTioN III.

4. Ift be any symbol which is retained in the final result of the elimination of
any other symbols from any system of equations, the result of such elimination
may be expressed in the form

Et+E(1—t)=0,

in which E is formed by making in the proposed system t = 1, and eliminating
the same other symbols; and E' by making in the proposed system t = 0, and
eliminating the same other symbols.

For let ¢ (t) = 0 represent the final result of elimination. Expanding this
equation, we have

p(1)t+6(0)(1—1¢)=0.

Now by whatever process we deduce the function ¢ (¢) from the proposed system
of equations, by the same process should we deduce ¢ (1), if in those equations
t were changed into 1; and by the same process should we deduce ¢ (0), if in the
same equations ¢ were changed into 0. Whence the truth of the proposition is
manifest.



CHAPTER IX. METHODS OF ABBREVIATION 103

5. Of the three propositions last proved, it may be remarked, that though
quite unessential to the strict development or application of the general theory,
they yet accomplish important ends of a practical nature. By Prop. 1 we can
simplify the results of addition; by Prop. 2 we can simplify those of multiplica-
tion; and by Prop. 3 we can break up any tedious process of elimination into two
distinct processes, which will in general be of a much less complex character.
This method will be very frequently adopted, when the final object of inquiry is
the determination of the value of ¢, in terms of the other symbols which remain
after the elimination is performed.

6. Ex. 1.—Aristotle, in the Nicomachean Ethics, Book II. Cap. 3, having
determined that actions are virtuous, not as possessing in themselves a certain
character, but as implying a certain condition of mind in him who performs
them, viz., that he perform them knowingly, and with deliberate preference,
and for their own sakes, and upon fixed principles of conduct, proceeds in the
two following chapters to consider the question, whether virtue is to be referred
to the genus of Passions, or Faculties, or Habits, together with some other
connected points. He grounds his investigation upon the following premises,
from which, also, he deduces the general doctrine and definition of moral virtue,
of which the remainder of the treatise forms an exposition.

PREMISES.

1. Virtue is either a passion (n&doc), or a faculty (80voyuc), or a habit (82ic).

2. Passions are not things according to which we are praised or blamed, or
in which we exercise deliberate preference.

3. Faculties are not things according to which we are praised or blamed, and
which are accompanied by deliberate preference.

4. Virtue is something according to which we are praised or blamed, and
which is accompanied by deliberate preference.

5. Whatever art or science makes its work to be in a good state avoids ex-
tremes, and keeps the mean in view relative to human nature (16 yéocov ... npoc
Nuas)

6. Virtue is more exact and excellent than any art or science. This is an
argument a fortiori. If science and true art shun defect and extravagance alike,
much more does virtue pursue the undeviating line of moderation. If they cause
their work to be in a good state, much more reason have to we to say that
Virtue causeth her peculiar work to be “in a good state.” Let the final premiss
be thus interpreted. Let us also pretermit all reference to praise or blame, since
the mention of these in the premises accompanies only the mention of deliberate
preference, and this is an element which we purpose to retain. We may then
assume as our representative symbols—
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v = virtue.

p = passions.

f = faculties.

h = habits.

d = things accompanied by deliberate preference.

g = things causing their work to be in a good state.

m = things keeping the mean in view relative to human nature.
Using, then, ¢ as an indefinite class symbol, our premises will be expressed by
the following equations:

{p(1=HA-h)+fA-p)A-h)+h(1-p)(1-f)}.
= q(1-d).

qg(1—4d).

= qd.

= qm.

= 4q9.

S s
I

And separately eliminating from these the symbols g,

l=p( =N A-R)—fA-p) (B = k(- (- N} =0. (1)
pd = 0. (2)

fd=0. (3

v(l—d)=0. (4

g(1—m)=0. (5)

v(l—g)=0. (6)

We shall first eliminate from (2), (3), and (4) the symbol d, and then determine
v in relation to p, f, and h. Now the addition of (2), (3), and (4) gives

p+f)d+v(l—d)=0.
From which, eliminating d in the ordinary way, we find
(p+flv=0. (7)
Adding this to (1), and determining v, we find

0
T 1l p(-NA-R - FOA-pA-R)—h0-H(1-p)
Whence by development,

v=0h( - 1)1 -p).

The interpretation of this equation is: Virtue is a habit, and not a faculty or a
passion.
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Next, we will eliminate f, p, and g from the original system of equations,
and then determine v in relation to h, d, and m. We will in this case eliminate
p and f together. On addition of (1), (2), and (3), we get

v{l—=p(1 - f)(1=h) = f(1 =p)(1 —h)—=h(1-p)(1-f)}
+pd + fd = 0.

Developing this with reference to p and f, we have

(v +2d)pf + (vh+ d)p(1 — f) + (vh+d)(1 — p)f
+o(1 —h)(1—p)(1—f)=0.

Whence the result of elimination will be
(v+2d)(vh + d)(vh + d)v(1 — h) = 0.

Now v + 2d = v + d + d, which by Prop. I. is reducible to v 4+ d. The product
of this and the second factor is

(v+d)(vh +d),

which by Prop. II. reduces to d + v(vh) or vh + d.
In like manner, this result, multiplied by the third factor, gives simply vh+d.
Lastly, this multiplied by the fourth factor, v(1—h), gives, as the final equation,

vd(l —h) =0 (8)
It remains to eliminate g from (5) and (6). The result is
v(1—m)=0 (9)
Finally, the equations (4), (8), and (9) give on addition
v(l—d)+wvd(l—h)+v(l—m)=0

from which we have

0
C1l—-d+d1l—-h)+1-m’

v

And the development of this result gives

v = thm,
0
f which the interpretation is,— Virtue is a habit accompanied by deliberate pref-
erence, and keeping in view the mean relative to human nature.
Properly speaking, this is not a definition, but a description of virtue. It is
all, however, that can be correctly inferred from the premises. Aristotle specially
connects with it the necessity of prudence, to determine the safe and middle line
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of action; and there is no doubt that the ancient theories of virtue generally par-
took more of an intellectual character than those (the theory of utility excepted)
which have most prevailed in modern days. Virtue was regarded as consisting in
the right state and habit of the whole mind, rather than in the single supremacy
of conscience or the moral facility. And to some extent those theories were un-
doubtedly right. For though unqualified obedience to the dictates of conscience
is an essential element of virtuous conduct, yet the conformity of those dictates
with those unchanging principles of rectitude (aicwvia dixono)which are founded
in, or which rather are themselves the foundation of the constitution of things,
is another element. And generally this conformity, in any high degree at least,
is inconsistent with a state of ignorance and mental hebetude. Reverting to
the particular theory of Aristotle, it will probably appear to most that it is of
too negative a character, and that the shunning of extremes does not afford a
sufficient scope for the expenditure of the nobler energies of our being. Aristotle
seems to have been imperfectly conscious of this defect of his system, when in
the opening of his seventh book he spoke of an “heroic virtue”! rising above the
measure of human nature.

7. T have already remarked (VIIL. 1) that the theory of single equations or
propositions comprehends questions which cannot be fully answered, except in
connexion with the theory of systems of equations. This remark is exemplified
when it is proposed to determine from a given single equation the relation, not
of some single elementary class, but of some compound class, involving in its
expression more than one element, in terms of the remaining elements. The
following particular example, and the succeeding general problem, are of this
nature.

Ex. 2.—Let us resume the symbolical expression of the definition of wealth
employed in Chap, VII., viz.,

w=st{p+r(—p)},

wherein, as before,

w = wealth,

s = things limited in supply,

t = things transferable,

p = things productive of pleasure,

r = things preventive of pain;
and suppose it required to determine hence the relation of things transferable
and productive of pleasure, to the other elements of the definition, viz., wealth,
things limited in supply, and things preventive of pain.

The expression for things transferable and productive of pleasure is tp. Let
us represent this by a new symbol y. We have then the equations

w =st{p+r(l-p)},
Y = 1p,

Lty Ungp Nudc dpethy Hewixhy tva xou Yeiov—NIC. ETH. Book vii.
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from which, if we eliminate ¢ and p, we may determine y as a function of w, s,
and 7. The result interpreted will give the relation sought.
Bringing the terms of these equations to the first side, we have

w—stp—str (1 —p) =0.
y—tp=0. (3)

And adding the squares of these equations together,
w + stp + str (1 — p) — 2wstp — 2wstr (1 —p) +y+tp—2ytp=0.  (4)

Developing the first member with respect to ¢ and p, in order to eliminate those
symbols, we have

(w4 s—2ws+1—y)tp+ (w+ sr—2wsr+y)t(l—p)
Fw+y) A-t)p+(w+y) (1 -1t)(1-p); (5)

and the result of the elimination of ¢ and p will be obtained by equating to 0
the product of the four coefficients of

tp,t(1—p),(1—t)p, and (1 —1t)(1—p).

Or, by Prop. 3, the result of the elimination of ¢ and p from the above
equation will be of the form

wherein E is the result obtained by changing in the given equation y into 1,
and then eliminating ¢ and p; and E’ the result obtained by changing in the
same equation y into 0, and then eliminating ¢ and p. And the mode in each
case of eliminating ¢ and p is to multiply together the coefficients of the four
constituents tp, t (1 — p), &c.

If we make y = 1, the coefficients become—

Ist. w(l—8)+s(l—w)

2nd. 14+ w (1 —sr) + s(1 —w)r, equivalent to 1 by Prop. 1.

3rd and 4th. 1 + w, equivalent to 1 by Prop. L.

Hence the value of F will be

w(l—s5)+s(1—-w).

Again, in (5) making y = 0, we have for the coefficients—
Ist. 1+ w (1 —5)+s(1 —w), equivalent to 1.
2nd. w (1 — sr) 4+ sr (1 —w).
3rd and 4th. w.
The product of these coefficients gives

E =w(l—sr).
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The equation from which y is to be determined, therefore, is
{w@l=s)+s(l—w)}y+w(l—sr)(l—y)=0,

(
w(l — sr) _
w(l —sr) —w(l—s5)—s(1—w)’

Ly =

and expanding the second member,

Y 8wsr+ws(1—r)—|— sw(l—s)r+ tw(l —s)(1—r)

+0(1 —w)sr+0(1 —w)s(l —r) + 8( —w)(1—s)r
+o(1—w)(1—s5)(1—7);

whence reducing.

1w ), (©

with w(l —s) =0. (7

0
y=ws(l—7r)+ 6wsr+

The interpretation of which is—

1st. Things transferable and productive of pleasure consist of all wealth (lim-
ited in supply and) not preventive of pain, an indefinite amount of wealth (lim-
ited in supply and) preventive of pain, and an indefinite amount of what is not
wealth and not limited in supply.

2nd. All wealth is limited in supply.

I have in the above solution written in parentheses that part of the full
description which is implied by the accompanying independent relation (7).

8. The following problem is of a more general nature, and will furnish an
easy practical rule for problems such as the last.

GENERAL PROBLEM.

Given any equation connecting the symbols z, y..w, z..

Required to determine the logical expression of any class expressed in any
way by the symbols x, y.. in terms of the remaining symbols, w, z, Ec.

Let us confine ourselves to the case in which there are but two symbols, =z,
y, and two symbols, w, z, a case sufficient to determine the general Rule.

Let V = 0 be the given equation, and let ¢(x,y) represent the class whose
expression is to be determined.

Assume t = ¢(z,y), then, from the above two equations, x and y are to be
eliminated.

Now the equation V' = 0 may be expanded in the form

Azy+ Br(1—y)+C(1 —2)y+ D(1 —z)(1 —y) =0, (1)

A, B, C, and D being functions of the symbols w and z.
Again, as ¢(x,y) represents a class or collection of things, it must consist of
a constituent, or series of constituents, whose coefficients are 1.
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Wherefore if the full development of ¢(z,y) be represented in the form
azy +ba(l —y) + c(l —2)y + d(1 — z)(1 - y),

the coefficients a, b, ¢, d must each be 1 or 0.
Now reducing the equation ¢ = ¢(x,y) by transposition and squaring, to the
form

t1 = ¢(z,y) + o(z,y)(1 — 1) = 0;

and expanding with reference to z and y, we get

t(l—a)+a(l—t)zy+t(1 —b) +b(1 —t)z(l —y)
+t(l—c)+c(1—-1t)(1—x)y
+t(1—d)+d1—t) (1 —z)(1 —y) =0;

whence, adding this to (1), we have

A+tl—a)+a(l —t)zy
+B+t(l—b)+b(—t)x(l —y) + &c. = 0.

Let the result of the elimination of # and y be of the form

Et+E'(1-t) =0,

then E will, by what has been said, be the reduced product of what the
coefficients of the above expansion become when ¢t = 1 , and E’ the product of
the same factors similarly reduced by the condition ¢ = 0.

Hence F will be the reduced product

(A+1-a)(B+1-0)(C+1—-0c)(D+1-d).

Considering any factor of this expression, as A + 1 — a, we see that when a = 1
it becomes A, and when a = 0 it becomes 1 + A, which reduces by Prop. I. to
1. Hence we may infer that E will be the product of the coefficients of those
constituents in the development of V' whose coefficients in the development of

o(x,y) are 1.
Moreover E’ will be the reduced product

(A+a)(B+b)(C+c)(D +d).

Considering any one of these factors, as A + a, we see that this becomes A
when a = 0, and reduces to 1 when a = 1 ; and so on for the others. Hence F
will be the product of the coefficients of those constituents in the development
of y, whose coefficients in the development ¢(x,y) are 0. Viewing these cases
together, we may establish the following Rule:
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9. To deduce from a logical equation the relation of any class expressed by
a given combination of the symbols x, y, &c, to the classes represented by any
other symbols involved in the given equation.

RULE.—Ezpand the given equation with reference to the symbols x, y. Then
form the equation

Et+E'(1-t) =0,

in which E is the product of the coefficients of all those constituents in the above
development, whose coefficients in the expression of the given class are 1, and
E’ the product of the coefficients of those constituents of the development whose
coefficients in the expression of the given class are 0. The value of t deduced
from the above equation by solution and interpretation will be the expression
required.

NoOTE.—Although in the demonstration of this Rule V is supposed to consist
solely of positive terms, it may easily be shown that this condition is unnecessary,
and the Rule general, and that no preparation of the given equation is really
required.

10. Ex. 3.-The same definition of wealth being given as in Example 2,
required an expression for things transferable, but not productive of pleasure,
t(1 — p), in terms of the other elements represented by w, s, and 7.

The equation

w — stp — str(l —p) =0,

gives, when squared,
w + stp + str(l — p) — 2wstp — 2wstr(1 — p) = 0;
and developing the first member with respect to ¢ and p,

(w4 s —2ws)tp + (w+ sr — 2wsr)t(1 — p) + w(l —t)p
+w(l—t)(1—-p)=0.
The coefficients of which it is best to exhibit as in the following equation;
w(l—s)+s(1 —w)tp+w(l —sr)+ sr(l —w)t(l —p)+w(l—¢t)p
+w(l—¢)(1—-p)=0

Let the function ¢(1 — p) to be determined, be represented by z; then the
full development of z in respect of ¢t and p is

z=0tp+t(1—p)+0(1—t)p+0(1—¢)(1—p).
Hence, by the last problem, we have
Ez+E'(1-2)=0;
where E = w(1 — sr) 4+ sr(1 — w);
E =w(l-3s)+s(l —w)xwxw=w(l-s);
sow(l—sr)+sr(l—w)z+w(l —s)(1—2)=0.
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Hence,

w(l —s)
T Qwsr — ws — sr

1 1
= gwsr +0ws(l —r) + 610(1 —s)r+ 6w(1 —s)(1—r),

+0(1 —w)sr + g(l —w)s(l—r)+ g(l —w)(l—s)r
+g(1 —w)(1—s)(1—r).

Or, z = gwsr + g(l —w)s(l —r)+ g(l —w)(l—s),
with w(l —s) = 0.

Hence, Things transferable and not productive of pleasure are either wealth
(limited in supply and preventive of pain); or things which are not wealth, but
limited in supply and not preventive of pain; or things which are not wealth, and
are unlimited in supply.

The following results, deduced in a similar manner, will be easily verified:

Things limited in supply and productive of pleasure which are not wealth,—are
intransferable.

Wealth that is not productive of pleasure is transferable, limited in supply,
and preventive of pain.

Things limited in supply which are either wealth, or are productive of plea-
sure, but not both,—are either transferable and preventive of pain, or intransfer-
able.

11. From the domain of natural history a large number of curious examples
might be selected. I do not, however, conceive that such applications would
possess any independent value. They would, for instance, throw no light upon
the true principles of classification in the science of zoology. For the discovery
of these, some basis of positive knowledge is requisite,—some acquaintance with
organic structure, with teleological adaptation; and this is a species of knowledge
which can only be derived from the use of external means of observation and
analysis. Taking, however, any collection of propositions in natural history,
a great number of logical problems present themselves, without regard to the
system of classification adopted. Perhaps in forming such examples, it is better
to avoid, as superfluous, the mention of that property of a class or species which
is immediately suggested by its name, e.g. the ring-structure in the annelida, a
class of animals including the earth-worm and the leech.

Ex. 4.-1. The annelida are soft-bodied, and either naked or enclosed in a
tube.

2. The annelida consist of all invertebrate animals having red blood in a
double system of circulating vessels.
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Assume a = annelida;
s = soft-bodied animals;
n = naked;
t = enclosed in a tube;
1 = invertebrate;
r = having red blood, &c.

Then the propositions given will be expressed by the equations
a=wvsn(l —t)+t(l —n); (1)
a =ir; (2)

to which we may add the implied condition,

nt = 0. (3)

On eliminating v, and reducing the system to a single equation, we have

a[l —sn(l—t)—st(l —n)]+a(l —ir) +ir(l —a)+nt = 0. (4)
Suppose that we wish to obtain the relation in which soft-bodied animals
enclosed in tubes arc placed (by virtue of the premises) with respect to the
following elements, viz., the possession of red blood, of an external covering,
and of a vertebral column.
We must first eliminate a. The result is

irl —sn(l—1t) — st(l1 —n) +nt =0.
Then (IX. 9) developing with respect to s and ¢, and reducing the first
coefficient by Prop. 1, we have

nst+ir(1 —n)s(l —t) + (ir+n)(1 — s)t+ir(1 —s)(1 —t) = 0. (5)
Hence, if st = w, we find
nw +ir(1 —n) x (ir +n) x ir(1 —w) = 0;

or,

nw +ir(1 —n)(1 —w) = 0;
ir(l—n)
wr(l—mn)—n

= 0irn+ir(l —n) +0i(1l — r)n + gz(l —r)(1—n)
+0(1 —d)rn + g(l —i)r(l—mn)+01—-9)(1—r)n
+%(1 —3)(1—7r)(1 —mn);

; 0. 0 )
or, w=1ir(l —n)+ 62(1 —r)(1—n)+ 6(1 —1)(1 —n).
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Hence, soft-bodied animals enclosed in tubes consist of all invertebrate ani-
mals having red blood and not naked, and an indefinite remainder of invertebrate
animals not having red blood and not naked, and of vertebrate animals which
are not naked.

And in an exactly similar manner, the following reduced equations, the inter-
pretation of which is left to the reader, have been deduced from the development

(5)-

S(1=t) = irn+ i1 —n) + (1~ )
(1—s)t= g(l —i)r(l—n)+ g(l —r)(1—n)
(1= s)(1—t) = 82'(1 . gu _a).

In none of the above examples has it been my object to exhibit in any special
manner the power of the method. That, I conceive, can only be fully displayed
in connexion with the mathematical theory of probabilities. I would, however,
suggest to any who may be desirous of forming a correct opinion upon this
point, that they examine by the rules of ordinary logic the following problem,
before inspecting its solution; remembering at the same time, that whatever
complexity it possesses might be multiplied indefinitely, with no other effect
than to render its solution by the method of this work more operose, but not
less certainly attainable.

Ex. 5. Let the observation of a class of natural productions be supposed to
have led to the following general results.

1st, That in whichsoever of these productions the properties A and C are
missing, the property F is found, together with one of the properties B and D,
but not with both.

2nd, That wherever the properties A and D are found while F is missing,
the properties B and C' will either both be found, or both be missing.

3rd, That wherever the property A is found in conjunction with either B
or E, or both of them, there either the property C or the property D will be
found, but not both of them. And conversely, wherever the property C' or D is
found singly, there the property A will be found in conjunction with either B
or F/, or both of them.

Let it then be required to ascertain, first, what in any particular instance may
be concluded from the ascertained presence of the property A, with reference
to the properties B, C', and D; also whether any relations exist independently
among the properties B, C, and D. Secondly, what may be concluded in like
manner respecting the property B, and the properties A, C, and D.

It will be observed, that in each of the three data, the information conveyed
respecting the properties A, B, C', and D, is complicated with another element,
FE, about which we desire to say nothing in our conclusion. It will hence be
requisite to eliminate the symbol representing the property E from the system
of equations, by which the given propositions will be expressed.
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Let us represent the property A by x, B by y, C by z, D by w, E by v. The
data are

Tz = qu(yw + wy); (1)
vaw = q(yz + YZ); (2)
Y + 20y = WZ + 2W; (3)

Z standing for 1 —z, &c., and g being an indefinite class symbol. Eliminating
q separately from the first and second equations, and adding the results to the
third equation reduced by (5), Chap.VIIL., we get

7z(1 — vyw — vwy) + vaw(yz + 27) + (zy + zvy)(wz + ©Z)
+ (wz + zw)(1 — zy — zvy) = 0. (4)

From this equation v must be eliminated, and the value of = determined
from the result. For effecting this object, it will be convenient to employ the
method of Prop. 3 of the present chapter.

Let then the result of elimination be represented by the equation

Exz+ FE'(l—1z)=0.
To find E make x = 1 in the first member of (4), we find
ow(yz + 25) + (y + vy)(wz + ©2) + (wz + 20)07y.
Eliminating v, we have

(wz + 0Z) {w(yz + 27) + y(wz + 0Z) + H(wz + 20) } ;
which, on actual multiplication, in accordance with the conditions ww = 0,
2z =0, &c., gives
E=wz+ywz
Next, to find E' make x = 0 in (4), we have

2(1 — vyw — vyw) + Wz + 2.

whence, eliminating v, and reducing the result by Propositions 1 and 2, we
find

E' = wz + 2w + jwz;
and, therefore, finally we have

(wz + ywz)z + (WZ + 20 + Jwz)T = 0; (5)

from which
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wWZ + zW + ywz

WZ + 2W + Ywz — wz — Yywz

wherefore, by development,

z = Oyzw + yzw + yzw + Oyzw
+0yzw + yzw + YzZw + Yz
or, collecting the terms in vertical columns,

T = 20 + Zw + JE; (6)
the interpretation of which is—

In whatever substances the property A is found, there will also be found
either the property C or the property D, but not both, or else the properties B,
C, and D, will all be wanting. And conversely, where either the property C
or the property D is found singly, or the properties B, C, and D, are together
missing, there the property A will be found.

It also appears that there is no independent relation among the properties
B, C, and D.

Secondly, we are to find y. Now developing (5) with respect to that symbol,

(zwz + zWZ + TwZ + T20)y + (zwz + TwZ + T2 + TZw)y = 0;

whence, proceeding as before,

0
y =Tz + 5 (@wz + 2wz + 220), (7)
zzw = 0; (8)
rzzw =0; 9)
Tzw = 0; (10)

From (10) reduced by solution to the form

we have the independent relation,—If the property A is absent and C present,
D is present. Again, by addition and solution (8) and (9) give

rz+ITZ = =-w.
0

Whence we have for the general solution and the remaining independent
relation:
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1st. If the property B be present in one of the productions, either the prop-
erties A, C, and D, are all absent, or some one alone of them is absent. And
conversely, if they are all absent it may be concluded that the property A is
present (7).

2nd. If A and C are both present or both absent, D will be absent, quite
independently of the presence or absence of B (8) and (9).

I have not attempted to verify these conclusions.



Chapter X

OF THE CONDITIONS OF A PERFECT METHOD.

1. The subject of Primary Propositions has been discussed at length, and we are
about to enter upon the consideration of Secondary Propositions. The interval
of transition between these two great divisions of the science of Logic may afford
a fit occasion for us to pause, and while reviewing some of the past steps of our
progress, to inquire what it is that in a subject like that with which we have
been occupied constitutes perfection of method. I do not here speak of that
perfection only which consists in power, but of that also which is founded in the
conception of what is fit and beautiful. It is probable that a careful analysis
of this question would conduct us to some such conclusion as the following,
viz., that a perfect method should not only be an efficient one, as respects the
accomplishment of the objects for which it is designed, but should in all its parts
and processes manifest a certain unity and harmony. This conception would be
most fully realized if even the very forms of the method were suggestive of
the fundamental principles, and if possible of the one fundamental principle,
upon which they are founded. In applying these considerations to the science
of Reasoning, it may be well to extend our view beyond the mere analytical
processes, and to inquire what is best as respects not only the mode or form of
deduction, but also the system of data or premises from which the deduction is
to be made.

2. As respects mere power, there is no doubt that the first of the methods
developed in Chapter VIII. is, within its proper sphere, a perfect one. The
introduction of arbitrary constants makes us independent of the forms of the
premises, as well as of any conditions among the equations by which they are
represented. But it seems to introduce a foreign element, and while it is a more
laborious, it is also a less elegant form of solution than the second method of
reduction demonstrated in the same chapter. There are, however, conditions
under which the latter method assumes a more perfect form than it otherwise
bears. To make the one fundamental condition expressed by the equation

z(l—z) =0,

the universal type of form, would give a unity of character to both processes
and results, which would not else be attainable. Were brevity or convenience the
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only valuable quality of a method, no advantage would flow from the adoption
of such a principle. For to impose upon every step of a solution the character
above described, would involve in some instances no slight labour of preliminary
reduction. But it is still interesting to know that this can be done, and it is even
of some importance to be acquainted with the conditions under which such a
form of solution would spontaneously present itself. Some of these points will
be considered in the present chapter.

PROPOSITION 1.

3. To reduce any equation among logical symbols to the form V =0, in which
V' satisfies the law of duality,

Va-V)=0.

It is shown in Chap. V. Prop. 4, that the above condition is satisfied when-
ever V' is the sum of a series of constituents. And it is evident from Prop. 2,
Chap. VI. that all equations are equivalent which, when reduced by transpo-
sition to the form V = 0, produce, by development of the first member, the
same series of constituents with coefficients which do not vanish; the particular
numerical values of those coefficients being immaterial.

Hence the object of this Proposition may always be accomplished by bringing
all the terms of an equation to the first side, fully expanding that member, and
changing in the result all the coefficients which do not vanish into unity, except
such as have already that value.

But as the development of functions containing many symbols conducts us
to expressions inconvenient from their great length, it is desirable to show how,
in the only cases which do practically offer themselves to our notice, this source
of complexity may be avoided.

The great primary forms of equations have already been discussed in Chapter
VIII. They are—

X = Y,
X =Y
vX = Y.

Whenever the conditions X (1—X) =0,Y(1—-Y) = 0, are satisfied, we have
seen that the two first of the above equations conduct us to the forms

X1-Y) = o, (1)
X1-Y) + Y(1-X)=0; 2)

and under the same circumstances it may be shown that the last of them
gives
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V(XA -Y)+Y(1- X)) =0; (3)

all which results obviously satisfy, in their first members, the condition

V(1 -V)=0.

Now as the above are the forms and conditions under which the equations
of a logical system properly expressed do actually present themselves, it is al-
ways possible to reduce them by the above method into subjection to the law
required. Though, however, the separate equations may thus satisfy the law,
their equivalent sum (VIII. 4) may not do so, and it remains to show how upon
it also the requisite condition may be imposed.

Let us then represent the equation formed by adding the several reduced
equations of the system together, in the form

v+v +0" &e. =0, (4)

this equation being singly equivalent to the system from which it was ob-
tained. We suppose v,v’,v”, &c. to be class terms (IX. 1) satisfying the condi-
tions

v(l —v)=0,v"(1 =2") =0, &e.

Now the full interpretation of (4) would be found by developing the first
member with respect to all the elementary symbols z, y, &c. which it contains,
and equating to 0 all the constituents whose coefficients do not vanish; in other
words, all the constituents which are found in either v, v/, v”, &c. But those
constituents consist of-1st, such as are found in v; 2nd, such as are not found in
v, but are found in v’; 3rd, such as are neither found in v nor v/, but are found
in v, and so on. Hence they will be such as are found in the expression

v+ (1 =) + (1 —v)(1 -+ &c., (5)

an expression in which no constituents are repeated, and which obviously satis-
fies the law V(1 — V) =0.
Thus if we had the expression

I=t)+v+(1—2)+tzw,

in which the terms 1 — ¢, 1 — z are bracketed to indicate that they are to be
taken as single class terms, we should, in accordance with (5), reduce it to an
expression satisfying the condition V(1 — V') = 0, by multiplying all the terms
after the first by ¢, then all after the second by 1 — v; lastly, the term which
remains after the third by z; the result being

1—t+tv+t(l—v)(1—2)+¢1—v)zw. (6)

4. All logical equations then are reducible to the form V' = 0, V satisfy-
ing the law of duality. But it would obviously be a higher degree of perfection



CHAPTER X. CONDITIONS OF A PERFECT METHOD 120

if equations always presented themselves in such a form, without preparation
of any kind, and not only exhibited this form in their original statement, but
retained it unimpaired after those additions which are necessary in order to
reduce systems of equations to single equivalent forms. That they do not spon-
taneously present this feature is not properly attributable to defect of method,
but is a consequence of the fact that our premises are not always complete, and
accurate, and independent. They are not complete when they involve material
(as distinguished from formal) relations, which are not expressed. They are not
accurate when they imply relations which are not intended. But setting aside
these points, with which, in the present instance, we are less concerned, let it
be considered in what sense they may fail of being independent.

5. A system of propositions may be termed independent, when it is not
possible to deduce from any portion of the system a conclusion deducible from
any other portion of it. Supposing the equations representing those propositions
all reduced to the form

V=0,

then the above condition implies that no constituent which can be made to
appear in the development of a particular function V of the system, can be made
to appear in the development of any other function V’ of the same system. When
this condition is not satisfied, the equations of the system are not independent.
This may happen in various cases. Let all the equations satisfy in their first
members the law of duality, then if there appears a positive term x in the
expansion of one equation, and a term zy in that of another, the equations are
not independent, for the term x is further developable into zy + (1 — y), and
the equation
zy =0

is thus involved in both the equations of the system. Again, let a term xy appear
in one equation, and a term xz in another. Both these may be developed so as
to give the common constituent zyz. And other cases may easily be imagined
in which premises which appear at first sight to be quite independent are not
really so. Whenever equations of the form V' = 0 are thus not truly independent,
though individually they may satisfy the law of duality,

V(1-V)=0,

the equivalent equation obtained by adding them together will not satisfy that
condition, unless sufficient reductions by the method of the present chapter
have been performed. When, on the other hand, the equations of a system both
satisfy the above law, and are independent of each other, their sum will also
satisfy the same law. I have dwelt upon these points at greater length than
would otherwise have been necessary, because it appears to me to be important
to endeavour to form to ourselves, and to keep before us in all our investigations,
the pattern of an ideal perfection,—the object and the guide of future efforts. In
the present class of inquiries the chief aim of improvement of method should be
to facilitate, as far as is consistent with brevity, the transformation of equations,
so as to make the fundamental condition above adverted to universal.



CHAPTER X. CONDITIONS OF A PERFECT METHOD 121

In connexion with this subject the following Propositions are deserving of
attention.

ProrosiTiON II.

If the first member of any equation V = 0 satisfy the condition V(1 —-V) =
0, and if the expression of any symbol t of that equation be determined as a
developed function of the other symbols, the coefficients of the expansion can
only assume the forms 1, 0, —, —

For if the equation be expanded with reference to ¢, we obtain as the result,
Et+ E'(1-1), (1)

E and E’ being what V becomes when ¢ is successively changed therein into 1
and 0. Hence F and E’ will themselves satisfy the conditions

E(1—E)=0, E'(1-E)=0. (2)

Now (1) gives

E/
E —FE’
the second member of which is to be expanded as a function of the remaining
symbols. It is evident that the only numerical values which E and E’ can receive
in the calculation of the coefficients will be 1 and 0. The following cases alone
can therefore arise:

t:

E’ 1
1st. E’:I,E:I,thenr_lEza.
2nd. £/ =1, E =0, then E’—,E:L
3rd. ' =0, E =1, then E’—/E:(())'
4th. B' =0, B =0, then ——— = .

Whence the truth of the Proposition is manifest.

6. It may be remarked that the forms 1, 0, and % appear in the solution of
equations independently of any reference to the condition V(1 — V) = 0. But it
is not so with the coefficient %. The terms to which this coefficient is attached
when the above condition is satisfied may receive any other value except the
three values 1, 0, and %, when that condition is not satisfied. It is permitted,
and it would conduce to uniformity, to change any coefficient of a development
not presenting itself in any of the four forms referred to in this Proposition into
%, regarding this as the symbol proper to indicate that the coefficient to which

it is attached should be equated to 0. This course I shall frequently adopt.

ProrosiTioN III.
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7. The result of the elimination of any symbols x, y, E&c. from an equation
V =0, of which the first member identically satisfies the law of duality,

V(1-V)=0,

may be obtained by developing the given equation with reference to the other
symbols, and equating to 0 the sum of those constituents whose coefficients in
the expansion are equal to unity.
Suppose that the given equation V' = 0 involves but three symbols, , y, and
t, of which z and y are to be eliminated. Let the development of the equation,
with respect to t, be
At+ B(1—-t) =0, (1)

A and B being free from the symbol ¢.
By Chap. IX. Prop. 3, the result of the elimination of z and y from the
given equation will be of the form

Et+E'(1—1t)=0, (2)

in which £ is the result obtained by eliminating the symbols x and y from the
equation A = 0, E’ the result obtained by eliminating from the equation B = 0.
Now A and B must satisfy the condition

A(1—A)=0,B1-B)=0

Hence A (confining ourselves for the present to this coefficient) will either
be 0 or 1, or a constituent, or the sum of a part of the constituents which
involve the symbols x and y. If A =0 it is evident that £ = 0; if A is a single
constituent, or the sum of a part of the constituents involving x and y, F will
be 0. For the full development of A, with respect to « and y, will contain terms
with vanishing coefficients, and F is the product of all the coefficients. Hence
when A =1, F is equal to A, but in other cases F is equal to 0. Similarly, when
B =1, E is equal to B, but in other cases F vanishes. Hence the expression (2)
will consist of that part, if any there be, of (1) in which the coefficients A, B
are unity. And this reasoning is general. Suppose, for instance, that V involved
the symbols z, vy, z, t, and that it were required to eliminate x and y. Then if
the development of V', with reference to z and ¢, were

zt+zz(1—t) +y(1—2)t+ (1 —2)(1—1),
the result sought would be
zt+(1—2)(1—-t) =0,

this being that portion of the development of which the coefficients are unity.
Hence