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TRANSLATOR’S PREFACE

The present volume is a translation of the second edition of Pro-
fessor Planck’s WAERMESTRAHLUNG (1913). The profoundly original
ideas introduced by Planck in the endeavor to reconcile the electro-
magnetic theory of radiation with experimental facts have proven to be
of the greatest importance in many parts of physics. Probably no sin-
gle book since the appearance of Clerk Maxwell’s ELECTRICITY AND
MAGNETISM has had a deeper influence on the development of phys-
ical theories. The great majority of English-speaking physicists are,
of course, able to read the work in the language in which it was writ-
ten, but I believe that many will welcome the opportunity offered by a
translation to study the ideas set forth by Planck without the difficul-
ties that frequently arise in attempting to follow a new and somewhat
difficult line of reasoning in a foreign language.

Recent developments of physical theories have placed the quantum
of action in the foreground of interest. Questions regarding the bear-
ing of the quantum theory on the law of equipartition of energy, its
application to the theory of specific heats and to photoelectric effects,
attempts to form some concrete idea of the physical significance of the
quantum, that is, to devise a “model” for it, have created within the
last few years a large and ever increasing literature. Professor Planck
has, however, in this book confined himself exclusively to radiation phe-
nomena and it has seemed to me probable that a brief résumé of this
literature might prove useful to the reader who wishes to pursue the
subject further. I have, therefore, with Professor Planck’s permission,
given in an appendix a list of the most important papers on the sub-
jects treated of in this book and others closely related to them. I have
also added a short note on one or two derivations of formulse where the
treatment in the book seemed too brief or to present some difficulties.



TRANSLATOR’S PREFACE A

In preparing the translation I have been under obligation for advice
and helpful suggestions to several friends and colleagues and especially
to Professor A. W. Duff who has read the manuscript and the galley
proof.

MORTON MASIUS.
WORCESTER, MASS.,
February, 1914.



PREFACE TO SECOND EDITION

Recent advances in physical research have, on the whole, been fa-
vorable to the special theory outlined in this book, in particular to
the hypothesis of an elementary quantity of action. My radiation for-
mula especially has so far stood all tests satisfactorily, including even
the refined systematic measurements which have been carried out in
the Physikalisch-technische Reichsanstalt at Charlottenburg during the
last year. Probably the most direct support for the fundamental idea
of the hypothesis of quanta is supplied by the values of the elemen-
tary quanta of matter and electricity derived from it. When, twelve
years ago, I made my first calculation of the value of the elementary
electric charge and found it to be 4.69 - 10719 electrostatic units, the
value of this quantity deduced by J. J. Thomson from his ingenious
experiments on the condensation of water vapor on gas ions, namely
6.5- 1071 was quite generally regarded as the most reliable value. This
value exceeds the one given by me by 38 per cent. Meanwhile the
experimental methods, improved in an admirable way by the labors of
E. Rutherford, E. Regener, J. Perrin, R. A. Millikan, The Svedberg and
others, have without exception decided in favor of the value deduced
from the theory of radiation which lies between the values of Perrin
and Millikan.

To the two mutually independent confirmations mentioned, there
has been added, as a further strong support of the hypothesis of
quanta, the heat theorem which has been in the meantime announced
by W. Nernst, and which seems to point unmistakably to the fact that,
not only the processes of radiation, but also the molecular processes
take place in accordance with certain elementary quanta of a definite
finite magnitude. For the hypothesis of quanta as well as the heat
theorem of Nernst may be reduced to the simple proposition that the
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thermodynamic probability (Sec. 120) of a physical state is a definite
integral number, or, what amounts to the same thing, that the entropy
of a state has a quite definite, positive value, which, as a minimum,
becomes zero, while in contrast therewith the entropy may, according
to the classical thermodynamics, decrease without limit to minus in-
finity. For the present, I would consider this proposition as the very
quintessence of the hypothesis of quanta.

In spite of the satisfactory agreement of the results mentioned with
one another as well as with experiment, the ideas from which they orig-
inated have met with wide interest but, so far as I am able to judge,
with little general acceptance, the reason probably being that the hy-
pothesis of quanta has not as yet been satisfactorily completed. While
many physicists, through conservatism, reject the ideas developed by
me, or, at any rate, maintain an expectant attitude, a few authors have
attacked them for the opposite reason, namely, as being inadequate,
and have felt compelled to supplement them by assumptions of a still
more radical nature, for example, by the assumption that any radiant
energy whatever, even though it travel freely in a vacuum, consists of
indivisible quanta or cells. Since nothing probably is a greater drawback
to the successful development of a new hypothesis than overstepping
its boundaries, I have always stood for making as close a connection
between the hypothesis of quanta and the classical dynamics as possi-
ble, and for not stepping outside of the boundaries of the latter until
the experimental facts leave no other course open. I have attempted to
keep to this standpoint in the revision of this treatise necessary for a
new edition.

The main fault of the original treatment was that it began with
the classical electrodynamical laws of emission and absorption, whereas
later on it became evident that, in order to meet the demand of exper-
imental measurements, the assumption of finite energy elements must
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be introduced, an assumption which is in direct contradiction to the
fundamental ideas of classical electrodynamics. It is true that this in-
consistency is greatly reduced by the fact that, in reality, only mean
values of energy are taken from classical electrodynamics, while, for the
statistical calculation, the real values are used; nevertheless the treat-
ment must, on the whole, have left the reader with the unsatisfactory
feeling that it was not clearly to be seen, which of the assumptions
made in the beginning could, and which could not, be finally retained.

In contrast thereto I have now attempted to treat the subject from
the very outset in such a way that none of the laws stated need, later
on, be restricted or modified. This presents the advantage that the the-
ory, so far as it is treated here, shows no contradiction in itself, though
certainly I do not mean that it does not seem to call for improvements
in many respects, as regards both its internal structure and its exter-
nal form. To treat of the numerous applications, many of them very
important, which the hypothesis of quanta has already found in other
parts of physics, I have not regarded as part of my task, still less to
discuss all differing opinions.

Thus, while the new edition of this book may not claim to bring the
theory of heat radiation to a conclusion that is satisfactory in all re-
spects, this deficiency will not be of decisive importance in judging the
theory. For any one who would make his attitude concerning the hy-
pothesis of quanta depend on whether the significance of the quantum
of action for the elementary physical processes is made clear in every
respect or may be demonstrated by some simple dynamical model, mis-
understands, I believe, the character and the meaning of the hypothesis
of quanta. It is impossible to express a really new principle in terms of
a model following old laws. And, as regards the final formulation of the
hypothesis, we should not forget that, from the classical point of view,
the physics of the atom really has always remained a very obscure, inac-
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cessible region, into which the introduction of the elementary quantum
of action promises to throw some light.

Hence it follows from the nature of the case that it will require
painstaking experimental and theoretical work for many years to come
to make gradual advances in the new field. Any one who, at present,
devotes his efforts to the hypothesis of quanta, must, for the time being,
be content with the knowledge that the fruits of the labor spent will
probably be gathered by a future generation.

THE AUTHOR.
BERLIN,
November, 1912.



PREFACE TO FIRST EDITION

In this book the main contents of the lectures which I gave at the
University of Berlin during the winter semester 1906-07 are presented.
My original intention was merely to put together in a connected ac-
count the results of my own investigations, begun ten years ago, on the
theory of heat radiation; it soon became evident, however, that it was
desirable to include also the foundation of this theory in the treatment,
starting with Kirchhoff’s Law on emitting and absorbing power; and so
I attempted to write a treatise which should also be capable of serving
as an introduction to the study of the entire theory of radiant heat on
a consistent thermodynamic basis. Accordingly the treatment starts
from the simple known experimental laws of optics and advances, by
gradual extension and by the addition of the results of electrodynamics
and thermodynamics, to the problems of the spectral distribution of en-
ergy and of irreversibility. In doing this I have deviated frequently from
the customary methods of treatment, wherever the matter presented or
considerations regarding the form of presentation seemed to call for it,
especially in deriving Kirchhoff’s laws, in calculating Maxwell’s radia-
tion pressure, in deriving Wien’s displacement law, and in generalizing
it for radiations of any spectral distribution of energy whatever.

I have at the proper place introduced the results of my own inves-
tigations into the treatment. A list of these has been added at the end
of the book to facilitate comparison and examination as regards special
details.

I wish, however, to emphasize here what has been stated more fully
in the last paragraph of this book, namely, that the theory thus devel-
oped does not by any means claim to be perfect or complete, although I
believe that it points out a possible way of accounting for the processes
of radiant energy from the same point of view as for the processes of
molecular motion.
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PART 1
FUNDAMENTAL FACTS AND DEFINITIONS



RADIATION OF HEAT

CHAPTER I
GENERAL INTRODUCTION

1. Heat may be propagated in a stationary medium in two entirely
different ways, namely, by conduction and by radiation. Conduction
of heat depends on the temperature of the medium in which it takes
place, or more strictly speaking, on the non-uniform distribution of the
temperature in space, as measured by the temperature gradient. In a
region where the temperature of the medium is the same at all points
there is no trace of heat conduction.

Radiation of heat, however, is in itself entirely independent of the
temperature of the medium through which it passes. It is possible,
for example, to concentrate the solar rays at a focus by passing them
through a converging lens of ice, the latter remaining at a constant
temperature of 0°, and so to ignite an inflammable body. Generally
speaking, radiation is a far more complicated phenomenon than con-
duction of heat. The reason for this is that the state of the radiation
at a given instant and at a given point of the medium cannot be repre-
sented, as can the flow of heat by conduction, by a single vector (that
is, a single directed quantity). All heat rays which at a given instant
pass through the same point of the medium are perfectly independent
of one another, and in order to specify completely the state of the ra-
diation the intensity of radiation must be known in all the directions,
infinite in number, which pass through the point in question; for this
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purpose two opposite directions must be considered as distinct, because
the radiation in one of them is quite independent of the radiation in
the other.

2. Putting aside for the present any special theory of heat radiation,
we shall state for our further use a law supported by a large number
of experimental facts. This law is that, so far as their physical proper-
ties are concerned, heat rays are identical with light rays of the same
wave length. The term “heat radiation,” then, will be applied to all
physical phenomena of the same nature as light rays. Every light ray
is simultaneously a heat ray. We shall also, for the sake of brevity,
occasionally speak of the “color” of a heat ray in order to denote its
wave length or period. As a further consequence of this law we shall
apply to the radiation of heat all the well-known laws of experimental
optics, especially those of reflection and refraction, as well as those re-
lating to the propagation of light. Only the phenomena of diffraction,
so far at least as they take place in space of considerable dimensions,
we shall exclude on account of their rather complicated nature. We
are therefore obliged to introduce right at the start a certain restric-
tion with respect to the size of the parts of space to be considered.
Throughout the following discussion it will be assumed that the lin-
ear dimensions of all parts of space considered, as well as the radii of
curvature of all surfaces under consideration, are large compared with
the wave lengths of the rays considered. With this assumption we may;,
without appreciable error, entirely neglect the influence of diffraction
caused by the bounding surfaces, and everywhere apply the ordinary
laws of reflection and refraction of light. To sum up: We distinguish
once for all between two kinds of lengths of entirely different orders
of magnitude—dimensions of bodies and wave lengths. Moreover, even
the differentials of the former, i.e., elements of length, area and volume,
will be regarded as large compared with the corresponding powers of
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wave lengths. The greater, therefore, the wave length of the rays we
wish to consider, the larger must be the parts of space considered. But,
inasmuch as there is no other restriction on our choice of size of the
parts of space to be considered, this assumption will not give rise to
any particular difficulty.

3. Even more essential for the whole theory of heat radiation than
the distinction between large and small lengths, is the distinction be-
tween long and short intervals of time. For the definition of intensity
of a heat ray, as being the energy transmitted by the ray per unit time,
implies the assumption that the unit of time chosen is large compared
with the period of vibration corresponding to the color of the ray. If this
were not so, obviously the value of the intensity of the radiation would,
in general, depend upon the particular phase of vibration at which the
measurement of the energy of the ray was begun, and the intensity of a
ray of constant period and amplitude would not be independent of the
initial phase, unless by chance the unit of time were an integral multiple
of the period. To avoid this difficulty, we are obliged to postulate quite
generally that the unit of time, or rather that element of time used in
defining the intensity, even if it appear in the form of a differential,
must be large compared with the period of all colors contained in the
ray in question.

The last statement leads to an important conclusion as to radiation
of variable intensity. If, using an acoustic analogy, we speak of “beats”
in the case of intensities undergoing periodic changes, the “unit” of time
required for a definition of the instantaneous intensity of radiation must
necessarily be small compared with the period of the beats. Now, since
from the previous statement our unit must be large compared with a
period of vibration, it follows that the period of the beats must be large
compared with that of a vibration. Without this restriction it would be
impossible to distinguish properly between “beats” and simple “vibra-
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tions.” Similarly, in the general case of an arbitrarily variable intensity
of radiation, the vibrations must take place very rapidly as compared
with the relatively slower changes in intensity. These statements imply,
of course, a certain far-reaching restriction as to the generality of the
radiation phenomena to be considered.

It might be added that a very similar and equally essential restric-
tion is made in the kinetic theory of gases by dividing the motions of
a chemically simple gas into two classes: visible, coarse, or molar, and
invisible, fine, or molecular. For, since the velocity of a single molecule
is a perfectly unambiguous quantity, this distinction cannot be drawn
unless the assumption be made that the velocity-components of the
molecules contained in sufficiently small volumes have certain mean
values, independent of the size of the volumes. This in general need
not by any means be the case. If such a mean value, including the
value zero, does not exist, the distinction between motion of the gas as
a whole and random undirected heat motion cannot be made.

Turning now to the investigation of the laws in accordance with
which the phenomena of radiation take place in a medium supposed to
be at rest, the problem may be approached in two ways: We must either
select a certain point in space and investigate the different rays passing
through this one point as time goes on, or we must select one distinct
ray and inquire into its history, that is, into the way in which it was
created, propagated, and finally destroyed. For the following discussion,
it will be advisable to start with the second method of treatment and
to consider first the three processes just mentioned.

4. Emission.—The creation of a heat ray is generally denoted by
the word emission. According to the principle of the conservation of
energy, emission always takes place at the expense of other forms of
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energy (heat,! chemical or electric energy, etc.) and hence it follows
that only material particles, not geometrical volumes or surfaces, can
emit heat rays. It is true that for the sake of brevity we frequently
speak of the surface of a body as radiating heat to the surroundings,
but this form of expression does not imply that the surface actually
emits heat rays. Strictly speaking, the surface of a body never emits
rays, but rather it allows part of the rays coming from the interior to
pass through. The other part is reflected inward and according as the
fraction transmitted is larger or smaller the surface seems to emit more
or less intense radiations.

We shall now consider the interior of an emitting substance assumed
to be physically homogeneous, and in it we shall select any volume-
element dr of not too small size. Then the energy which is emitted by
radiation in unit time by all particles in this volume-element will be
proportional to d7. Should we attempt a closer analysis of the process
of emission and resolve it into its elements, we should undoubtedly meet
very complicated conditions, for then it would be necessary to consider
elements of space of such small size that it would no longer be admis-
sible to think of the substance as homogeneous, and we would have to
allow for the atomic constitution. Hence the finite quantity obtained
by dividing the radiation emitted by a volume-element dr by this ele-
ment d7 is to be considered only as a certain mean value. Nevertheless,
we shall as a rule be able to treat the phenomenon of emission as if all
points of the volume-element d7 took part in the emission in a uniform
manner, thereby greatly simplifying our calculation. Every point of dr
will then be the vertex of a pencil of rays diverging in all directions.
Such a pencil coming from one single point of course does not represent

'Here as in the following the German “Korperwérme” will be rendered simply
as “heat.” (Tr.)
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a finite amount of energy, because a finite amount is emitted only by a
finite though possibly small volume, not by a single point.

We shall next assume our substance to be isotropic. Hence the
radiation of the volume-element dr is emitted uniformly in all directions
of space. Draw a cone in an arbitrary direction, having any point of the
radiating element as vertex, and describe around the vertex as center
a sphere of unit radius. This sphere intersects the cone in what is
known as the solid angle of the cone, and from the isotropy of the
medium it follows that the radiation in any such conical element will
be proportional to its solid angle. This holds for cones of any size. If
we take the solid angle as infinitely small and of size d{2 we may speak
of the radiation emitted in a certain direction, but always in the sense
that for the emission of a finite amount of energy an infinite number of
directions are necessary and these form a finite solid angle.

5. The distribution of energy in the radiation is in general quite
arbitrary; that is, the different colors of a certain radiation may have
quite different intensities. The color of a ray in experimental physics is
usually denoted by its wave length, because this quantity is measured
directly. For the theoretical treatment, however, it is usually preferable
to use the frequency v instead, since the characteristic of color is not
so much the wave length, which changes from one medium to another,
as the frequency, which remains unchanged in a light or heat ray pass-
ing through stationary media. We shall, therefore, hereafter denote a
certain color by the corresponding value of v, and a certain interval of
color by the limits of the interval v and v/, where v/ > v. The radiation
lying in a certain interval of color divided by the magnitude v/ — v of
the interval, we shall call the mean radiation in the interval v to v/. We
shall then assume that if, keeping v constant, we take the interval v/ —v
sufficiently small and denote it by dv the value of the mean radiation
approaches a definite limiting value, independent of the size of dv, and
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this we shall briefly call the “radiation of frequency v.” To produce
a finite intensity of radiation, the frequency interval, though perhaps
small, must also be finite.

We have finally to allow for the polarization of the emitted radiation.
Since the medium was assumed to be isotropic the emitted rays are
unpolarized. Hence every ray has just twice the intensity of one of its
plane polarized components, which could, e.g., be obtained by passing
the ray through a Nicol’s prism.

6. Summing up everything said so far, we may equate the total
energy in a range of frequency from v to v 4 dv emitted in the time dt
in the direction of the conical element df2 by a volume-element dr to

dt -dr-dQ - dv - 2e,. (1)

The finite quantity €, is called the coefficient of emission of the medium
for the frequency v. It is a positive function of v and refers to a plane
polarized ray of definite color and direction. The total emission of the
volume-element dr may be obtained from this by integrating over all
directions and all frequencies. Since €, is independent of the direction,
and since the integral over all conical elements df is 47, we get:

dt - dr - 871'/ €, dv. (2)
0

7. The coefficient of emission ¢ depends, not only on the frequency v,
but also on the condition of the emitting substance contained in the
volume-element d7, and, generally speaking, in a very complicated way,
according to the physical and chemical processes which take place in the
elements of time and volume in question. But the empirical law that
the emission of any volume-element depends entirely on what takes
place inside of this element holds true in all cases (Prevost’s principle).
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A body A at 100° C. emits toward a body B at 0° C. exactly the same
amount of radiation as toward an equally large and similarly situated
body B’ at 1000° C. The fact that the body A is cooled by B and heated
by B’ is due entirely to the fact that B is a weaker, B’ a stronger emitter
than A.

We shall now introduce the further simplifying assumption that the
physical and chemical condition of the emitting substance depends on
but a single variable, namely, on its absolute temperature T'. A neces-
sary consequence of this is that the coefficient of emission e depends,
apart from the frequency v and the nature of the medium, only on the
temperature 1. The last statement excludes from our consideration a
number of radiation phenomena, such as fluorescence, phosphorescence,
electrical and chemical luminosity, to which E. Wiedemann has given
the common name “phenomena of luminescence.” We shall deal with
pure “temperature radiation” exclusively.

A special case of temperature radiation is the case of the chemi-
cal nature of the emitting substance being invariable. In this case the
emission takes place entirely at the expense of the heat of the body.
Nevertheless, it is possible, according to what has been said, to have
temperature radiation while chemical changes are taking place, pro-
vided the chemical condition is completely determined by the temper-
ature.

8. Propagation.—The propagation of the radiation in a medium
assumed to be homogeneous, isotropic, and at rest takes place in
straight lines and with the same velocity in all directions, diffraction
phenomena being entirely excluded. Yet, in general, each ray suffers
during its propagation a certain weakening, because a certain fraction
of its energy is continuously deviated from its original direction and
scattered in all directions. This phenomenon of “scattering,” which
means neither a creation nor a destruction of radiant energy but sim-
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ply a change in distribution, takes place, generally speaking, in all
media differing from an absolute vacuum, even in substances which
are perfectly pure chemically.! The cause of this is that no substance
is homogeneous in the absolute sense of the word. The smallest el-
ements of space always exhibit some discontinuities on account of
their atomic structure. Small impurities, as, for instance, particles of
dust, increase the influence of scattering without, however, appreciably
affecting its general character. Hence, so-called “turbid” media, i.e.,
such as contain foreign particles, may be quite properly regarded as
optically homogeneous,? provided only that the linear dimensions of
the foreign particles as well as the distances of neighboring particles
are sufficiently small compared with the wave lengths of the rays con-
sidered. As regards optical phenomena, then, there is no fundamental
distinction between chemically pure substances and the turbid media
just described. No space is optically void in the absolute sense except
a vacuum. Hence a chemically pure substance may be spoken of as a
vacuum made turbid by the presence of molecules.

A typical example of scattering is offered by the behavior of sun-
light in the atmosphere. When, with a clear sky, the sun stands in
the zenith, only about two-thirds of the direct radiation of the sun
reaches the surface of the earth. The remainder is intercepted by the
atmosphere, being partly absorbed and changed into heat of the air,
partly, however, scattered and changed into diffuse skylight. This phe-
nomenon is produced probably not so much by the particles suspended
in the atmosphere as by the air molecules themselves.

Whether the scattering depends on reflection, on diffraction, or on

1See, e.g., Lobry de Bruyn and L. K. Wolff, Rec. des Trav. Chim. des Pays-
Bas 23, p. 155, 1904.

2To restrict the word homogeneous to its absolute sense would mean that it
could not be applied to any material substance.
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a resonance effect on the molecules or particles is a point that we may
leave entirely aside. We only take account of the fact that every ray on
its path through any medium loses a certain fraction of its intensity.
For a very small distance, s, this fraction is proportional to s, say

Bys (3)

where the positive quantity (3, is independent of the intensity of radi-
ation and is called the “coefficient of scattering” of the medium. Inas-
much as the medium is assumed to be isotropic, 3, is also independent
of the direction of propagation and polarization of the ray. It depends,
however, as indicated by the subscript v, not only on the physical and
chemical constitution of the body but also to a very marked degree on
the frequency. For certain values of v, 5, may be so large that the
straight-line propagation of the rays is virtually destroyed. For other
values of v, however, 8, may become so small that the scattering can
be entirely neglected. For generality we shall assume a mean value
of 5,. In the cases of most importance (3, increases quite appreciably
as v increases, i.e., the scattering is noticeably larger for rays of shorter
wave length;! hence the blue color of diffuse skylight.

The scattered radiation energy is propagated from the place where
the scattering occurs in a way similar to that in which the emitted
energy is propagated from the place of emission, since it travels in
all directions in space. It does not, however, have the same intensity
in all directions, and moreover is polarized in some special directions,
depending to a large extent on the direction of the original ray. We
need not, however, enter into any further discussion of these questions.

9. While the phenomenon of scattering means a continuous modifi-
cation in the interior of the medium, a discontinuous change in both the

! Lord Rayleigh, Phil. Mag., 47, p. 379, 1899.
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direction and the intensity of a ray occurs when it reaches the boundary
of a medium and meets the surface of a second medium. The latter, like
the former, will be assumed to be homogeneous and isotropic. In this
case, the ray is in general partly reflected and partly transmitted. The
reflection and refraction may be “regular,” there being a single reflected
ray according to the simple law of reflection and a single transmitted
ray, according to Snell’s law of refraction, or, they may be “diffuse,”
which means that from the point of incidence on the surface the radi-
ation spreads out into the two media with intensities that are different
in different directions. We accordingly describe the surface of the sec-
ond medium as “smooth” or “rough” respectively. Diffuse reflection
occurring at a rough surface should be carefully distinguished from re-
flection at a smooth surface of a turbid medium. In both cases part of
the incident ray goes back to the first medium as diffuse radiation. But
in the first case the scattering occurs on the surface, in the second in
more or less thick layers entirely inside of the second medium.

10. When a smooth surface completely reflects all incident rays,
as is approximately the case with many metallic surfaces, it is termed
“reflecting.” When a rough surface reflects all incident rays completely
and uniformly in all directions, it is called “white.” The other extreme,
namely, complete transmission of all incident rays through the surface
never occurs with smooth surfaces, at least if the two contiguous media
are at all optically different. A rough surface having the property of
completely transmitting the incident radiation is described as “black.”

In addition to “black surfaces” the term “black body” is also used.
According to G. Kirchhoff! it denotes a body which has the property

L@. Kirchhoff, Pogg. Ann., 109, p. 275, 1860. Gesammelte Abhandlungen, J. A.
Barth, Leipzig, 1882, p. 573. In defining a black body Kirchhoff also assumes that
the absorption of incident rays takes place in a layer “infinitely thin.” We do not
include this in our definition.
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of allowing all incident rays to enter without surface reflection and
not allowing them to leave again. Hence it is seen that a black body
must satisfy three independent conditions. First, the body must have
a black surface in order to allow the incident rays to enter without
reflection. Since, in general, the properties of a surface depend on
both of the bodies which are in contact, this condition shows that the
property of blackness as applied to a body depends not only on the
nature of the body but also on that of the contiguous medium. A
body which is black relatively to air need not be so relatively to glass,
and wvice versa. Second, the black body must have a certain minimum
thickness depending on its absorbing power, in order to insure that the
rays after passing into the body shall not be able to leave it again at a
different point of the surface. The more absorbing a body is, the smaller
the value of this minimum thickness, while in the case of bodies with
vanishingly small absorbing power only a layer of infinite thickness may
be regarded as black. Third, the black body must have a vanishingly
small coefficient of scattering (Sec. 8). Otherwise the rays received by it
would be partly scattered in the interior and might leave again through
the surface.!

11. All the distinctions and definitions mentioned in the two pre-
ceding paragraphs refer to rays of one definite color only. It might very
well happen that, e.g., a surface which is rough for a certain kind of rays
must be regarded as smooth for a different kind of rays. It is readily
seen that, in general, a surface shows decreasing degrees of roughness
for increasing wave lengths. Now, since smooth non-reflecting surfaces
do not exist (Sec. 10), it follows that all approximately black surfaces

'For this point see especially A. Schuster, Astrophysical Journal, 21, p. 1, 1905,
who has pointed out that an infinite layer of gas with a black surface need by no
means be a black body.
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which may be realized in practice (lamp black, platinum black) show
appreciable reflection for rays of sufficiently long wave lengths.

12. Absorption.—Heat rays are destroyed by “absorption.” Ac-
cording to the principle of the conservation of energy the energy of heat
radiation is thereby changed into other forms of energy (heat, chem-
ical energy). Thus only material particles can absorb heat rays, not
elements of surfaces, although sometimes for the sake of brevity the
expression absorbing surfaces is used.

Whenever absorption takes place, the heat ray passing through the
medium under consideration is weakened by a certain fraction of its
intensity for every element of path traversed. For a sufficiently small
distance s this fraction is proportional to s, and may be written

Q,s. (4)

Here «,, is known as the “coefficient of absorption” of the medium for
a ray of frequency v. We assume this coefficient to be independent of
the intensity; it will, however, depend in general in non-homogeneous
and anisotropic media on the position of s and on the direction of
propagation and polarization of the ray (example: tourmaline). We
shall, however, consider only homogeneous isotropic substances, and
shall therefore suppose that «,, has the same value at all points and in all
directions in the medium, and depends on nothing but the frequency v,
the temperature T', and the nature of the medium.

Whenever «,, does not differ from zero except for a limited range
of the spectrum, the medium shows “selective” absorption. For those
colors for which a,, = 0 and also the coefficient of scattering 3, = 0 the
medium is described as perfectly “transparent” or “diathermanous.”
But the properties of selective absorption and of diathermancy may
for a given medium vary widely with the temperature. In general we
shall assume a mean value for «,. This implies that the absorption
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in a distance equal to a single wave length is very small, because the
distance s, while small, contains many wave lengths (Sec. 2).

13. The foregoing considerations regarding the emission, the propa-
gation, and the absorption of heat rays suffice for a mathematical treat-
ment of the radiation phenomena. The calculation requires a knowledge
of the value of the constants and the initial and boundary conditions,
and yields a full account of the changes the radiation undergoes in a
given time in one or more contiguous media of the kind stated, in-
cluding the temperature changes caused by it. The actual calculation
is usually very complicated. We shall, however, before entering upon
the treatment of special cases discuss the general radiation phenomena
from a different point of view, namely by fixing our attention not on a
definite ray, but on a definite position in space.

14. Let do be an arbitrarily chosen, infinitely small element of area
in the interior of a medium through which radiation passes. At a given
instant rays are passing through this element in many different direc-
tions. The energy radiated through it in an element of time dt in a
definite direction is proportional to the area do, the length of time dt,
and to the cosine of the angle # made by the normal of do with the
direction of the radiation. If we make do sufficiently small, then, al-
though this is only an approximation to the actual state of affairs, we
can think of all points in do as being affected by the radiation in the
same way. Then the energy radiated through do in a definite direction
must be proportional to the solid angle in which do intercepts that
radiation and this solid angle is measured by docosf. It is readily
seen that, when the direction of the element is varied relatively to the
direction of the radiation, the energy radiated through it vanishes when

g T
=3
Now in general a pencil of rays is propagated from every point of
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the element do in all directions, but with different intensities in differ-
ent directions, and any two pencils emanating from two points of the
element are identical save for differences of higher order. A single one
of these pencils coming from a single point does not represent a finite
quantity of energy, because a finite amount of energy is radiated only
through a finite area. This holds also for the passage of rays through
a so-called focus. For example, when sunlight passes through a con-
verging lens and is concentrated in the focal plane of the lens, the solar
rays do not converge to a single point, but each pencil of parallel rays
forms a separate focus and all these foci together constitute a surface
representing a small but finite image of the sun. A finite amount of
energy does not pass through less than a finite portion of this surface.

15. Let us now consider quite generally the pencil, which is prop-
agated from a point of the element do as vertex in all directions of
space and on both sides of do. A certain direction may be specified by
the angle 0 (between 0 and 7), as already used, and by an azimuth ¢
(between 0 and 27). The intensity in this direction is the energy prop-
agated in an infinitely thin cone limited by # and 6 + df and ¢ and
¢ + d¢. The solid angle of this cone is

dQ = sin - df - do. (5)

Thus the energy radiated in time dt through the element of area do in
the direction of the cone df2 is:

dtdo cosfdQ) K = K sinf cos0df dodo dt. (6)

The finite quantity K we shall term the “specific intensity” or the
“brightness,” df) the “solid angle” of the pencil emanating from a point
of the element do in the direction (0,¢). K is a positive function of
position, time, and the angles # and ¢. In general the specific intensi-
ties of radiation in different directions are entirely independent of one
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another. For example, on substituting = — 6 for § and © + ¢ for ¢
in the function K, we obtain the specific intensity of radiation in the
diametrically opposite direction, a quantity which in general is quite
different from the preceding one.

For the total radiation through the element of area do toward one
side, say the one on which # is an acute angle, we get, by integrating

™
with respect to ¢ from 0 to 27 and with respect to € from 0 to 5

27 5
/ dgb/ df K sin 6 cos 6 do dt.
0 0

Should the radiation be uniform in all directions and hence K be a
constant, the total radiation on one side will be

K do dt. (7)

16. In speaking of the radiation in a definite direction (6, ¢) one
should always keep in mind that the energy radiated in a cone is not
finite unless the angle of the cone is finite. No finite radiation of light
or heat takes place in one definite direction only, or expressing it differ-
ently, in nature there is no such thing as absolutely parallel light or an
absolutely plane wave front. From a pencil of rays called “parallel” a
finite amount of energy of radiation can only be obtained if the rays or
wave normals of the pencil diverge so as to form a finite though perhaps
exceedingly narrow cone.

17. The specific intensity K of the whole energy radiated in a cer-
tain direction may be further divided into the intensities of the sepa-
rate rays belonging to the different regions of the spectrum which travel
independently of one another. Hence we consider the intensity of ra-
diation within a certain range of frequencies, say from v to /. If the
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interval v/ — v be taken sufficiently small and be denoted by dv, the
intensity of radiation within the interval is proportional to dv. Such
radiation is called homogeneous or monochromatic.

A last characteristic property of a ray of definite direction, intensity,
and color is its state of polarization. If we break up a ray, which is in any
state of polarization whatsoever and which travels in a definite direction
and has a definite frequency v, into two plane polarized components,
the sum of the intensities of the components will be just equal to the
intensity of the ray as a whole, independently of the direction of the
two planes, provided the two planes of polarization, which otherwise
may be taken at random, are at right angles to each other. If their
position be denoted by the azimuth v of one of the planes of vibration
(plane of the electric vector), then the two components of the intensity
may be written in the form

K, cos® 1 + K/ sin? ¢

8
and K, sin® ¢ + K/, cos® 1. ®)

Herein K is independent of ¢). These expressions we shall call the “com-
ponents of the specific intensity of radiation of frequency v.” The sum
is independent of ¢ and is always equal to the intensity of the whole ray
K, +K!. At the same time K, and K/, represent respectively the largest
and smallest values which either of the components may have, namely,
when ¢ = 0 and ¢ = T Hence we call these values the “principal

values of the intensities,” or the “principal intensities,” and the corre-

sponding planes of vibration we call the “principal planes of vibration”
of the ray. Of course both, in general, vary with the time. Thus we
may write generally

K=/0°°dv<+<y++<;> (9)
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where the positive quantities K, and K/, the two principal values of the
specific intensity of the radiation (brightness) of frequency v, depend
not only on v but also on their position, the time, and on the angles
0 and ¢. By substitution in (6) the energy radiated in the time dt
through the element of area do in the direction of the conical element df2
assumes the value

dtdacos@dQ/ dv (K, + K) (10)
0

and for monochromatic plane polarized radiation of brightness K, :
dt do cos 0 dQAK, dv = dt do sin 0 cos 0 df dp K,, dv. (11)

For unpolarized rays K, = K/,, and hence

K = 2/ dvK,, (12)
0

and the energy of a monochromatic ray of frequency v will be:
2dtdocos0dQK, dv = 2dtdosinf cosfdf dp K, dv. (13)

When, moreover, the radiation is uniformly distributed in all directions,
the total radiation through do toward one side may be found from
(7) and (12); it is

21 do dt/ K, dv. (14)
0

18. Since in nature K, can never be infinitely large, K will not have a
finite value unless K, differs from zero over a finite range of frequencies.
Hence there exists in nature no absolutely homogeneous or monochro-
matic radiation of light or heat. A finite amount of radiation contains
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always a finite although possibly very narrow range of the spectrum.
This implies a fundamental difference from the corresponding phenom-
ena of acoustics, where a finite intensity of sound may correspond to
a single definite frequency. This difference is, among other things, the
cause of the fact that the second law of thermodynamics has an impor-
tant bearing on light and heat rays, but not on sound waves. This will
be further discussed later on.

19. From equation (9) it is seen that the quantity K,, the intensity
of radiation of frequency v, and the quantity K, the intensity of ra-
diation of the whole spectrum, are of different dimensions. Further it
is to be noticed that, on subdividing the spectrum according to wave
lengths A, instead of frequencies v, the intensity of radiation F) of the
wave lengths A\ corresponding to the frequency v is not obtained simply
by replacing v in the expression for K, by the corresponding value of A
deduced from

V= (15)

where ¢ is the velocity of propagation. For if d\ and dv refer to the same
interval of the spectrum, we have, not £\ = K,, but E)\ d\ = K, dv. By
differentiating (15) and paying attention to the signs of corresponding
values of d\ and dv the equation

qdX
v ="

is obtained. Hence we get by substitution:

qK,
E\ = VR

(16)

This relation shows among other things that in a certain spectrum the
maxima of E) and K, lie at different points of the spectrum.
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20. When the principal intensities K,, and K/, of all monochromatic
rays are given at all points of the medium and for all directions, the state
of radiation is known in all respects and all questions regarding it may
be answered. We shall show this by one or two applications to special
cases. Let us first find the amount of energy which is radiated through
any element of area do toward any other element do’. The distance r
between the two elements may be thought of as large compared with
the linear dimensions of the elements do and do’ but still so small that
no appreciable amount of radiation is absorbed or scattered along it.
This condition is, of course, superfluous for diathermanous media.

From any definite point of do rays pass to all points of do’. These
rays form a cone whose vertex lies in do and whose solid angle is

/ !/
g6 — do Cjﬂsg(n ,T)
where n’ denotes the normal of do’ and the angle (n’,r) is to be taken
as an acute angle. This value of df2 is, neglecting small quantities of
higher order, independent of the particular position of the vertex of the
cone on do.

If we further denote the normal to do by n the angle 6 of (14) will be
the angle (n,r) and hence from expression (6) the energy of radiation
required is found to be:

do do' cos(n, r) cos(n’, )

K - dt. (17)

72

For monochromatic plane polarized radiation of frequency v the energy
will be, according to equation (11),

do do’ cos(n, r) cos(n’, r)
’ 2

K, dv - dt. (18)

r
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The relative size of the two elements do and do’ may have any value
whatever. They may be assumed to be of the same or of a different
order of magnitude, provided the condition remains satisfied that r is
large compared with the linear dimensions of each of them. If we choose
do small compared with do’, the rays diverge from do to do’, whereas
they converge from do to do’ if we choose do large compared with do’.

21. Since every point of do is the vertex of a cone spreading out
toward do’, the whole pencil of rays here considered, which is defined by
do and do’, consists of a double infinity of point pencils or of a fourfold
infinity of rays which must all be considered equally for the energy
radiation. Similarly the pencil of rays may be thought of as consisting
of the cones which, emanating from all points of do, converge in one
point of do’ respectively as a vertex. If we now imagine the whole
pencil of rays to be cut by a plane at any arbitrary distance from the
elements do and do’ and lying either between them or outside, then
the cross-sections of any two point pencils on this plane will not be
identical, not even approximately. In general they will partly overlap
and partly lie outside of each other, the amount of overlapping being
different for different intersecting planes. Hence it follows that there is
no definite cross-section of the pencil of rays so far as the uniformity
of radiation is concerned. If, however, the intersecting plane coincides
with either do or do’, then the pencil has a definite cross-section. Thus
these two planes show an exceptional property. We shall call them the
two “focal planes” of the pencil.

In the special case already mentioned above, namely, when one of
the two focal planes is infinitely small compared with the other, the
whole pencil of rays shows the character of a point pencil inasmuch as its
form is approximately that of a cone having its vertex in that focal plane
which is small compared with the other. In that case the “cross-section”
of the whole pencil at a definite point has a definite meaning. Such a
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pencil of rays, which is similar to a cone, we shall call an elementary
pencil, and the small focal plane we shall call the first focal plane of the
elementary pencil. The radiation may be either converging toward the
first focal plane or diverging from the first focal plane. All the pencils of
rays passing through a medium may be considered as consisting of such
elementary pencils, and hence we may base our future considerations
on elementary pencils only, which is a great convenience, owing to their
simple nature.

As quantities necessary to define an elementary pencil with a given
first focal plane do, we may choose not the second focal plane do’ but
the magnitude of that solid angle d€) under which do’ is seen from do.
On the other hand, in the case of an arbitrary pencil, that is, when
the two focal planes are of the same order of magnitude, the second
focal plane in general cannot be replaced by the solid angle d$2 without
the pencil changing markedly in character. For if, instead of do’ being
given, the magnitude and direction of df), to be taken as constant for
all points of do, is given, then the rays emanating from do do not any
longer form the original pencil, but rather an elementary pencil whose
first focal plane is do and whose second focal plane lies at an infinite
distance.

22. Since the energy radiation is propagated in the medium with
a finite velocity ¢, there must be in a finite space a finite amount of
energy. We shall therefore speak of the “space density of radiation,”
meaning thereby the ratio of the total quantity of energy of radiation
contained in a volume-element to the magnitude of the latter. Let us
now calculate the space density of radiation u at any arbitrary point of
the medium. When we consider an infinitely small element of volume v
at the point in question, having any shape whatsoever, we must allow
for all rays passing through the volume-element v. For this purpose we
shall construct about any point O of v as center a sphere of radius r,
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Fig. 1.

r being large compared with the linear dimensions of v but still so small
that no appreciable absorption or scattering of the radiation takes place
in the distance r (Fig. 1). Every ray which reaches v must then come
from some point on the surface of the sphere. If, then, we at first
consider only all the rays that come from the points of an infinitely
small element of area do on the surface of the sphere, and reach v, and
then sum up for all elements of the spherical surface, we shall have
accounted for all rays and not taken any one more than once.

Let us then calculate first the amount of energy which is contributed
to the energy contained in v by the radiation sent from such an ele-
ment do to v. We choose do so that its linear dimensions are small
compared with those of v and consider the cone of rays which, starting
at a point of do, meets the volume v. This cone consists of an infi-
nite number of conical elements with the common vertex at P, a point
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of do, each cutting out of the volume v a certain element of length,

say s. The solid angl